DERIVATION OF THE 1-D GROMA-BALOGH EQUATIONS FROM
THE PEIERLS-NABARRO MODEL
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ABSTRACT. We consider a semi-linear integro-differential equation in dimension one
associated to the half Laplacian whose solution represents the atom dislocation in a
crystal. The equation comprises the evolutive version of the classical Peierls-Nabarro
model. We show that for a large number of dislocations, the solution, properly rescaled,
converges to the solution of a fully nonlinear integro-differential equation which is a
model for the macroscopic crystal plasticity with density of dislocations. This leads to
the formal derivation of the 1-D Groma-Balogh equations [14], a popular model describing
the evolution of the density of positive and negative oriented parallel straight dislocation
lines. This paper completes the work of [28]. The main novelty here is that we allow
dislocations to have different orientation and so we have to deal with collisions of them.

1. INTRODUCTION

The goal of this paper is to complete the study started by the authors in [28] of the be-
havior as € — 0 of the solution u® of the following evolutionary partial-integro-differential
equation

1 €
ot =T, [uf] — SW' <u?) in (0,400) x R

u(0, ) = ug(+) on R

where €, § > 0 are small scale parameters and 6 = . — 0 as ¢ — 0, W is a multi-
well periodic potential and we denote by Z; the so-called fractional Laplacian of order 1,

—(=A)z, defined by
7[0](x) = %PV / %d%

where PV stands for principal value. We refer to [34] or [7] for a basic introduction to the
fractional Laplace operator.

Equation (1.1) arises in the Peierls-Nabarro model to describe at microscopic scale
the motion of dislocation lines in crystals. Dislocations are line defects in crystalline
materials whose motion is responsible of the plastic behavior of metals. Dislocations can
be described at several scales by different models:

(1.1)

a) atomic scale (Frenkel-Kontorova model),
b) microscopic scale (Peierls-Nabarro model),
¢) mesoscopic scale (Discrete dislocation dynamics),

2010 Mathematics Subject Classification. 82D25, 35R09, 74E15, 35R11, 47G20.
Key words and phrases. Peierls-Nabarro model, nonlocal integro-differential equations, dislocation
dynamics, fractional Allen Cahn, phase tranditions.
The first author has been supported by the NSF Grant DMS-2155156 ” Nonlinear PDE methods in
the study of interphases”.
1



2 STEFANIA PATRIZI AND THARATHEP SANGSAWANG

d) macroscopic scale (Elasto-visco-plasticity with density of dislocations).

We refer the reader to the book [15] for a tour in the theory of dislocations. The 1-D
Peierls-Nabarro model describes the microscopic effect of an ensemble of straight edge
dislocation lines all lying in the same plane. After a cross section, dislocation lines can
be identified by points on a line. Every dislocation is associated to either a positive
or a negative orientation, depending on the direction of the Burgers’ vector (a fixed
vector associated to the dislocation). Equation (1.1) with e = 1, which is obtained
after a parabolic rescaling of the original model, has been investigated in a series of
papers [13, 6, 5, 29, 31, 32]. The solution here is a phase transition function which
represents the atom displacement, in terms of §, which in turn represents the size of
the crystal scale. Starting from an initial configuration where the transitions occurs at
some given points, for small §, the displacement function approaches a piecewise constant
function. The plateaus of this asymptotic limit correspond to the periodic sites induced
by the crystalline structure, but its jump points evolve in time, according to a singular
potential. Roughly speaking, one can imagine that the discontinuity points of this limit
displacement function behave like a “particle” system (though no “material” particle is
really involved), driven by a system of ordinary differential equations which describe the
position of the jump points y;(t),...,yn(t). The system corresponds to the dynamics of
discrete dislocations and the convergence result is a passage from (b) to (c). The physical
properties of the singular potential of this ODE system depend on the orientation of the
displacement function at the jump points. Namely, if the displacement function has the
same spatial monotonicity at y; and y;41 (i.e., y; and y;1; have the same orientation), then
the potential induces a repulsion between the particles y; and y; ;. Conversely, when the
displacement function has opposite spatial monotonicity at y; and y;41 (i-e., y; and y;1q
have opposite orientation), then the potential becomes attractive, and the two particles
may collide in a finite time. We will give more details in Section 1.1. Collisions create a
problem in the analysis as the dynamical system that governs the motion of the dislocation
particles ceases to be well-defined at the collision time. The study of the asymptotics of
the displacement function after collision time permits to understand how the dynamical
law of the interphase points can be continued/extended after collisions, see [32].

Different space/time scales of the original Peierls-Nabarro model also produce homog-
enization results, whose effective Hamiltonian depends on the scaling properties of the
operator see [21, 30]. The model can also be linked to the classical model at the atomic
scale which was introduced by Frenkel and Kontorova (see [8]) (from (a) to (b)).

We refer to [3, 9, 10, 11, 12, 18, 19, 22, 33] for further related results.

In [28] the authors considered for the first time the case in which the number of dis-
locations N goes to co. We introduced a second parameter € such that N = N, — oo
as € — 0. A parabolic rescaling in § and hyperbolic rescaling in ¢ of the original model
leads to (1.1). In [28] we only considered the case when the dislocation points have all
the same orientation, which in the model corresponds to assuming the initial condition
ug to be monotonic. In the present paper, we remove the monotonicity assumption on g,
allowing dislocations to have different orientation. More precisely, on uy we assume

Uy € ot (R),
(1.2) Am wo(z) =0,

lim wg(z) =1, for some [ € R.
T—+00
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For fixed ¢, the dislocation points at initial time are approximated by the points in the
level sets {ug = ¢i}, i € Z, while their orientations are determined by the monotonicity
of up at the points. The limits in (1.2) guarantee that the dislocation points remain in a
compact set for fixed €. The first limit is just a normalization, 0 could be replace by any
real number.

On the potential W we assume

(W € C*P(R) for some 0 < 5 < 1
Wi(u+1)=W(u) foranyueR
(1.3) {W =0 on 7
W >0 on R\ Z
(W"(0) > 0.

Our goal in this paper is to understand the large scale limit of the Peierls-Nabarro
model for a large number of parallel straight edge dislocation lines lying in the same slip
plane, with possibly different orientation, moving with self-interactions. We perform a
direct passage from the model (b) to the model (d) and show that at macroscopic scale
the density of dislocations is governed by the following evolution law:

{(%u = col0pu| Ti[u] in (0,400) x R

(14) u(0, ) = ug on R

where ¢y > 0 is defined in the forthcoming (1.14). Our main result is the following:

Theorem 1.1. Assume (1.2) and (1.3). Let u® be the solution of (1.1). There exists a
number A. > 0 depending on € and ug such that if 6 — 0 and 0A. — 0 as e — 0, then u®
converges locally uniformly in (0, +00) X R to the viscosity solution w of (1.4), as e — 0.

Remark 1.2. The quantity A. in Theorem 1.1, will be made explicit later on, see Section
2.2. The condition §A. — 0 as ¢ — 0 is automatically satisfied by any 0 that converges
to 0 with e, if we have some control on the number of dislocation points at time 0 with
respect to €. This is the case, for example, when ug is either monotone or goes to 0 and [,
respectively as x — —oo and x — +00, faster or equal than respectively c¢/x and | + ¢/,
for some ¢ > 0, see Section 2.2. The latter condition is natural in this setting, see (2.16).

To prove Theorem 1.1, the idea is to approximate the dislocation particles with points
x;(t) where the limit function 7 attains the value £i at time ¢, i € Z. We then show that

_MN—C a(t. V(z:
Bt m)] = bl lm),

with b; = sgn(0,u(t, x;(t))), provided d,u(t,z;(t)) # 0.

One of the main difficulties in the proof of Theorem 1.1 consists in proving that 0,u = 0
(in the viscosity sense) at points where 0,u vanishes. This result is also the main novelty
with respect to our previous work [28]. Indeed in the monotonic case we could prove, by
using an approximation argument, that if ug, and thus the limit function %, is monotone,
it is enough to test equation (1.4) with test functions for @ with non vanishing derivative
in x. That argument cannot be applied in the present setting and we have to deal with
the case of test functions with vanishing derivatives. Roughly speaking, points x where
. u(t,x) = 0 corresponds to the locations where collisions occur at time t. The proof
here is based on a new analysis of how the datum in (1.1) is transported along the
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characteristics x;(t) around a collision point. The strategy and the heuristic of the proofs
are explained in Section 3.

Differentiating equation (1.4) formally yields the following system of equations for the
positive and negative part of f = 0,u,

Ouf " = colu(fTH(fT = f7)),
Onf ™ = —colu(fH(fT = f7)),

with A the Hilbert transform. Equations (1.5) are the 1-D version of the 2-D Groma-
Balogh equations [14], a popular model describing the evolution of the density of positive
and negative oriented parallel straight dislocation lines. This is the first time such equa-
tions are formally derived from the microscopic Peierls-Nabarro model.

As a by-product of the proof of Theorem 1.1 we also obtain the following asymptotic
behavior of the limit function.

(1.5)

Proposition 1.3. The limit function u satisfies

(1.6) lim w(t,z) =0, lim u(t,z) =1,

T——00 T—r+00
uniformly in t € [0,T], for any T > 0. Moreover, for all (t,z) € (0,+00) x R
(1.7) infug < a(t,z) < sup up.

Remark 1.4. The limits (1.6) can be interpreted as the property of the dislocations par-
ticles to remain in a compact set in the interval [0,T]. Property (1.7), which is an easy
consequence of the comparison principle, says that, while dislocations may annihilate, no
dislocations are created.

1.1. The Peierls-Nabarro model. The Peierls-Nabarro model [24, 25] is a phase field
model for dislocation dynamics incorporating atomic features into continuum framework.
In a phase field approach, the dislocations are represented by transition of a continuous
field. We refer to [26] for a survey of the Peierls-Nabarro model. See also Section 1.1
in [28] for some basic physical derivation. After a section of the three-dimensional crystal
with a plane, a straight dislocation line can be identified with a point on a line. A positive
oriented dislocation located at 0 is described by the transition from 0 to 1 of the phase
transition function, solution to

Ti[¢] = W' (o) in R
(1.8) ¢’ >0 in R
Qi o() =0, lim o(z) =1 6(0) =3,

while a negative oriented dislocation located at 0 is described by the transition from 0 to
-1 of the solution of

Lifo] = W'(9) in R
(1.9) ¢ <0 in R

lim ¢(z) =0, lim ¢(z)=—-1, ¢(0)==.

2Z——00 z——+00 2
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Under assumption (1.3), existence of a unique solution of (1.8) has been proven in [2, 27].
Define

ez for b=1
(1.10) ¢(z,0) == {¢(—2) -1 for b= —1.

Notice that, by the periodicity of W, if ¢ is the solution of (1.8) then ¢(x, —1) is the
solution of (1.9).

In the face cubic structured (FCC) observed in many metals and alloys, dislocations
move at low temperature on the slip plane. The dynamics for a collection of straight edge
dislocations lines, all contained in a single slip plane, moving with self-interactions (no
exterior forces) is then described by the evolutive version of the Peierls-Nabarro model
(see for instance [23] and [4]):

(1.11) Owu = Ty[u(t,-)] = W' (u) in (0,400) x R,

with initial condition

(1.12) u(0,2) = égb (m - %Ob> ,

where ¢ is the solution of (1.8), N is the number of dislocations, y? are the initial locations
of the dislocation points and neighboring dislocations are at distance at microscopic scale
of order 1/4, that is
0<?J?+1_yz(‘]”1'
The number b; € {—1,1} identifies the orientation of the dislocation: when b; = 1 the
dislocation is positive oriented, when b; = —1 it is instead negative oriented.
Let u be the solution of (1.11) with initial condition (1.12). Then, the rescaled function

s t x
St =u(5:5).

which is solution to the integro-differential equation in (1.1) with € = 1 converges as § — 0
to a sum of Heaviside functions of the form S~  H(b;(x — y;(t))), where the interphase
(jump) points y;(t), i =1,..., N evolve in time driven by the following system of ODE:

) bib; .
Yi = Co — — 1n <07 Tc)
(1.13) ; Yi — Yy

yi(0) = 57,

where ¢y is defined by

(1.14) co = /(cé’)2 ,

see [13, 32]. Here 0 < T, < 400 is the first time a collision between opposite oriented inter-
phase points occurs. Indeed, if y; and y;.1 have opposite orientation, that is b;b;11 = —1,
the equation for g; contains the term —1/(y; —y;41) > 0 and the equation for ¢;,1 contains
the term —1/(y;41 — v:i) < 0. Since y;(0) < y;41(0), the two points may collide in finite
time. Points with same orientation repel each other, thus never collide. System (1.13)
can be extended after collision by removing the particles that annihilate at collision, see
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(32, 19]. In the physical model, the ODE system (1.13) represents the discrete dynamics
of N dislocation points with possibly different orientation.

In the present we want to identify at large (macroscopic) scale the evolution model
for the dynamics of a density of dislocations. We introduce a further parameter ¢ and
consider a number of dislocations N = N, such that N, — +o00 as ¢ — 0 and we send
both ¢ and € to 0 together. We do not specify how N, goes to 0 with € but we only require
that

2N.5 — 0

as € — 0. We consider the following rescaling

() =eu (50
U (t,r) =¢cu 8(5278(5 s

with u the solution of (1.11)-(1.12). Then we see that u® is solution of (1.1) with initial
datum

Ne
(1.15) ui(0,2) =Y ¢ (1: ;;g,bi) :

with z¥ = ey?.

In general, we consider an initial datum ug satisfying (1.2). One can actually prove (see
Proposition 4.10) that any function satisfying (1.2), can be approximated by a function
of the form (1.15).

1.2. Organization of the paper. The paper is organized as follows. In Section 2 we
introduce notations and recall some general auxiliary results that will be used in the paper.
The strategy and the heuristic of the proof of Theorem 1.1 are presented in Section 3. In
Section 4 we prove a discrete approximation formula of the fractional Laplacian Z; which
extends to non monotonic functions the one given in [28]. In Section 5 we construct local
in time and global in space supersolutions of (1.1). Sections 6 and 7 are devoted to the
proof of our main result, Theorem 1.1. Proposition 1.3 is proven in Section 8. Finally,
the proofs of some auxiliary lemmas are given in Section 9.

2. DEFINITIONS, NOTATIONS AND PRELIMINARY RESULTS

2.1. Definitions and Notations. Let v be a function satisfying the following assump-
tions

v e CH(R),
v not constant,
(2.1) lim v(z) =0,
T—r—00
lim v(x) =1, for some [ € R.
T—+00

For a fixed € € (0, 1), we define
A={x]ie <v(x)<e(i+1)}, i=s5,...,5,
where s, := [mf%ﬂ and S, := | =2
Let us denote by A; the subset of A; obtained by removing the connected components in

which the oscillation of v is smaller than . By the limits in (2.1), there exists a compact
set [—K., K] such that A; C [-K_, K,] for all i = s.,...,S.. Moreover, any connected
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component of A; has measure bigger or equal than e /L, where L is the Lipschitz constant
of v. Indeed, if A is any connected component of A;, then there exists a point xg € A such
that v(zg) = e(i +1/2) and by the regularity of v, the interval (zo —¢/(2L), x0 +¢/(2L))

is contained in A. We infer that the number of connected components of A; is finite. In
particular, the set |, OA; has a finite number of points, that is

Se
(22) U 8Az == {'TlaxQ; "'7$Ng}7

1=8¢

for some positive integer N, depending on e, where the points x; are ordered such that
1 < X9 < ...<uzp,. Foreach i€ {1,2,...,N.}, define v(zy) = 0 and

(2.3) ICD) _;’(xi‘l) € {—1,1},

which also gives the following expression for v(x;)

(2.4) v(z;) = v(zig) + b = Z bie.

We will sometimes refer to the level set points defined in (2.2) as particles. By definition,
in any interval [z;, x;,1], the oscillation of v is equal to ¢, thus,

(25) |U($> - U(y)l < &, for all T,y € [Ii7xi+l]'

For any = € (x1,2n.) we will call the closest particle to x the points z;, such that
T € (Tiy—1,Ti) and |z — | < |z —ay| for all i = 1,...  N.. If x < z; the closest particle
to x is 1, while for x > xy_ the closest particle is xy._.

Given integers M and N such that 1 < M < N < N., we denote the number of
particles with b; = 1 and particles with b; = —1in [y, zx] by ny; 5 and ny; v respectively.
Precisely,

Wi = (i € (M, o N} | b = ~1}].

Also, we define

(2.6) NMLN = NN — TN
When M =1 and N = N, we denote
NI = nf’NE, N i=ng .-

Note that N. = NI + N_.
Remark 2.1. Using (2.4), (2.6) can also be expressed by

N N N
(2.7) enyn =enyy — Ny = 62 b, +¢ Z b, = Z bie =v(xzn) —v(zp) + base.
i=M i=M =M
bi=1 bi=—1
In particular, for M =1, we have v(z1) = bie, which yields

enyny = v(Ty).
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Similarly to Definition (1.10), for the Heaviside function H, we define for any z € R
and b € {—1,1},

(2.8) H(z,b) == bH(2).

To construct sub and supersolution of (1.1) we will often make use of the following
ODE’s system

Il(t) = —C()biL,
(2.9) {xi(()) 0

79

where 29, 29, ..., 2%, are the level set points of the initial condition, L € R and ¢y is given

by (1.14).

We denote by B,.(x) the ball of radius r centered at x. The cylinder (t—7,t+7) x B,.(z)
is denoted by Q..(t,z). |x] and [z] denote respectively the floor and the ceil integer
parts of a real number .

For r > 0, we denote

(2.10) Ill’r[v](x):%PV / %d%
ly—z|<r

and

(2.11) bl = [ —U(é)__;)(f)dy.
ly—z|>r

Then we can write
I [v](x) = I, [v)(z) + I3 v ().

We denote by USCy((0,+00) x R) (resp., LSCy((0,+00) x R)) the set of upper (resp.,

lower) bounded semicontinuous functions on (0, +00) x R which are bounded on (0,7") xR

for any 7' > 0 and we set C,((0,4+00) X R) := USCy((0, +00) x R) N LSCy((0, +00) x R).

We denote by CZ((0,+00) x R) the subset of functions of C,((0, +00) x R) with continuous

second derivatives. Finally, C"!(R) is the set of functions with bounded C'*! norm over R.
Given a sequence {u°} we denote

lim sup™u®(z) = sup { limsup u®(x.) | z. — x},
e—0 e—0
and

liminf «®(z) = inf { liminfu®(x.) | 2. — :c}
e—0 e—0

Given a quantity £ = E(x), we write E = O(A) is there exists a constant C' > 0 such
that, for all z,

|E| < CA.
We write £ = o.(1) if

lim £ =0,

e—0

uniformly in x.
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2.2. Definition of A.. Since ug satisfies (1.2), it is easy to see that there exist C!
functions v; and w; such that

(2.12)

ug, wi(+00) =1, wi is non-decreasing,

v1 <ug, wvi(—00) =0, v is non-increasing
w1 <

and there exist C™! functions v, and wy such that

(2.13) {02 > g, va(—00) =0, v, isnon-decreasing

wy = uy, we(+00) =1, wsy is non-increasing.
Let K. > 0 be such that for i =1, 2,
lvi(z)| < Z ifr < —K. and |wi(x)—1]< Z ite > K..

Then, all the points in the € level sets of ug defined as in (2.2) must belong to the compact
set [~ K., K.] and by the forthcoming formula (4.1), if N? is the number of such points,
then N? < CK_/e. Set

A, =eK,.
Then we choose d = 0.(1) such that
(2.14) JA. = o.(1).
The condition guarantees that
(2.15) e2N% = 0.(1).

Notice that if ug is monotonic then N? < (supug — inf ug)/e, therefore (2.15) is always
satisfied and no condition on how  goes to 0 as € — 0 is required. It is easy to see that
(2.14) holds true if ug satisfies the following asymptotic estimate

C
lup(z) — lH(x)| < — if |z| > 1,
x
for some C' > 0, with H the Heaviside function.

2.3. Short and long range interaction. We start by recalling a basic fact about the
operator Z;. Given v € CH(R) and r > 0 we can split Z;[v] into the short and long range
interaction as follows,

Tifv](z) = Iy "[o)(2) + I3 [v] (@),
where Z,"[v](z), 7" [v](x) are defined respectively by (2.10) and (2.11). The short range
interaction can be rewritten as

7] (z) = % / v(z +y) + v(fCQ— y) — 2v(ﬁv)dy,

Yy
ly|<r

Therefore,
, r
IZ1 " [v](2)] < —llvller@).
The long range interaction can be bounded as follows
4

IQ,T’ <_ -
22 o)) < Il
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2.4. The functions ¢ and . In what follows we denote by H (z) the Heaviside function.
Let o := W"(0) > 0.

Lemma 2.2. Assume that (1.3) holds, then there ezists a unique solution ¢ of (1.8).
Furthermore ¢ € C*#(R) and there exist constants Ko, Ky > 0 such that

1 Ky

(2.16) o(z) — H(z) + — < o for|z| > 1,
and for any z € R

Ky K
2.17 < < ¢'(2) < :
2.17) <o) <
Proof. The existence of a unique solution of (1.8) and estimate (2.17) are proven in [2, 27].
Estimate (2.2) is proven in [13]. O

Let ¢ be defined as in (1.14). Let us introduce the function ¢ to be the solution of

(2.18) {L ] = WY(6) + L(W"(¢) - W"(0) + coL¢/ n R

lim, 4+ 9(2) =0.
For later purposes, we recall the following decay estimate on the solution of (2.18):

Lemma 2.3. Assume that (1.3) holds, then there exists a unique solution v to (2.18).
Furthermore ¢ € CYP(R) and for any L € R there exist constants Ky and K, with
K3 > 0, depending on L such that

K K.

(2.19) Y(z) — 72 < 723 for 2| > 1,
and for any z € R

K K
2.20 ——— < YP(2) £ —=.
(2.20 L < < o
Proof. The existence of a unique solution of (2.18) is proven in [13]. Estimates (2.19) and
(2.20) are shown in [21]. O

The results of Lemmas 2.2 and 2.3 have been generalized in [1, 6, 5, 27, 30| to the case
when the fractional operator is —(—A)® for any s € (0,1).
For ¢ solution of (2.18) and b € {—1,1}, z € R, we define

(2.21) U(z,0) = 1(bz)

2.5. Definition of viscosity solution. We first recall the definition of viscosity solution
for a general first order non-local equation

(2.22) Owu = F(t,x,u,0yu, Zy[u]) in (0,+00) x 2

where € is an open subset of R and F'(¢, z,u, p, L) is continuous and non-decreasing in L.

Definition 2.1. A function u € USC,((0,+00) x R) (resp., u € LSCy((0,+00) x R)) is
a viscosity subsolution (resp., supersolution) of (2.22) if for any (to,x0) € (0, +00) X €,
and any test function ¢ € C%((0,+00) x R) such that u — ¢ attains a global mazimum
(resp., minimum) at the point (to, o), then

drp(to, zo) — F(to, 2o, u(to, To), O (to, vo), Tn [¢(to, -)](70)) < 0

(resp., = 0).
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A function u € Cyp((0,4+00) X R) is a viscosity solution of (2.23) if it is a viscosity sub
and supersolution of (2.22).

Remark 2.4. [t is classical that the maximum (resp., the minimum) in Definition 2.1
can be assumed to be strict and that

QO(to, l’o) = U(to, ZEo).
This will be used later.

Next, let us consider the initial value problem

{@u = F(t,z,u,0,u,Zy[u]) in (0,+00) xR

(2.23) u(0,x) = ug(x) on R,

where ug is a continuous function.

Definition 2.2. A function u € USCy((0,+00) xR) (resp., u € LSCy((0,+00) xR)) is a
viscosity subsolution (resp., supersolution) of the initial value problem (2.23) if u(0,x) <
(uo)(x) (resp., u(0,2) = (ug)(x)) and u is viscosity subsolution (resp., supersolution) of
the equation

Owu = F(t,z,u,0pu,Zy[u]) in (0,400) x R.
A function u € Cyp((0,+00) X R) is a viscosity solution of (2.23) if it is a viscosity sub
and supersolution of (2.23).

It is a classical result that smooth solutions are also viscosity solutions.

Proposition 2.5. If u € C'((0,400); CL2(Q) N L®(R)) for some 0 < § < 1, and u
satisfies pointwise

Ou — F(t,x,u, 0u, Zy[u]) <O (resp. >0) in  (0,400) x €,
then u is a viscosity subsolution (resp., supersolution) of (2.22).

2.6. Comparison principle and existence results. In this subsection, we successively
give comparison principles and existence results for (1.1) and (1.4). The following com-
parison theorem is shown in [17] for more general parabolic integro-PDEs.

Proposition 2.6 (Comparison Principle for (1.1)). Consider u € USCy((0,+00) X R)
subsolution and v € LSCy((0, +00)xR) supersolution of (1.1), thenu < v on (0,4+00)xR.

Following [17] it can also be proven the comparison principle for (1.1) in bounded
domains. Since we deal with a non-local equation, we need to compare the sub and the
supersolution everywhere outside the domain.

Proposition 2.7 (Comparison Principle on bounded domains for (1.1)). Let Q be a
bounded domain of (0,4+00) xR and let u € USCy((0, +00) X R) and v € LSCy((0, +00) X
R) be respectively a sub and a supersolution of
1
30 = Ta[u(t, )] — W' (g

3 ) in §2.

€
If u < v outside €2, then u < v in €.

Proposition 2.8 (Existence for (1.1)). For e, § > 0 there exists u® € Cy([0,4+00) X R)
(unique) viscosity solution of (1.1).
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Proof. We can construct a solution by Perron’s method if we construct sub and superso-
lutions of (1.1) which are equal to ug(x) at t = 0. Since uy € C*'(R), the two functions
uE(t, ) == ug(x)L 5t are respectively a super and a subsolution of (1.1), if

46
C= ?HUOHCIJ(R) + W] o

Moreover u™(0,z) = u= (0, z) = up(z). O

We next recall the comparison and the existence results for (1.4), see e.g. [16], Propo-
sition 3.

Proposition 2.9. Ifu € USCy([0,400)xR) and v € LSCy([0, +00)xR) are respectively a
sub and a supersolution of (1.4), then u < v on (0, +00) xR. Moreover, under assumption
(1.2), there ezists a (unique) viscosity solution of (1.4).

3. STRATEGY AND HEURISTIC PROOFS

In this section we explain the steps that we will follow to prove Theorem 1.1 and the
heuristics of the main proofs.

3.1. Approximation of 7;. The first result is a discrete approximation formula for the
fractional Laplace Z;. Let v be any function satisfying (2.1). Let x; and b; € {—1,1},
i=1,..., N, be defined as in (2.2) and (2.3) respectively. Then, we show (see Proposition
4.4 and Proposition 4.6) that for any fixed ig € {1,..., N.},

1 bi€

(31) Il[U](SUZ'O) >~ —

)
i#ig ¢ o

and for any =,

1 biE
T ~ —
(COED P

|zi—x|>r

for some r = o.(1), where the error goes to 0 as ¢ — 0 uniformly over R. On the other

hand, the sum
>
x;—x

i7#iQ
|x;—z|<r

where z;, is the closest particle to x may not be zero but depends on the distance of
x from z;, (see Lemma 4.5). For the proof of these results we follow the proof of the
analogous results given in [28] in the case v is monotone non-decreasing, i.e. b; = 1 for all
i. We refer to Section 2.1 there for the heuristic of (3.1) in the monotone case.

3.2. Approximation of v. Let ¢(z,b;) be defined as in (1.10). Then, we show (see
Proposition 4.10) that any function v satisfying (2.1) can be approximated in L>(R) as
follows,

(3.2) (z) = isqb (x géxi,bi) ,

with z; and b; € {—1,1},7=1,..., N,, defined as in (2.2) and (2.3) respectively. We refer
to Section 2.2 in [28] for the heuristic proof of (3.2) in the case v monotone non-decreasing.
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3.3. Heuristic of the proof of Theorem 1.1. Let u be the limit solution (that here
we suppose to exist and be smooth). Fix a point (tg,z0) € (0,+00) x R. We need to
distinguish two cases: d,u(tg, zo) # 0 and J,u(to, xo) = 0.
Case 1: 0, u(ty, xo) # 0.

We are going to give an ansatz for u° in a small box Qg of size R centered at (o, xo).
For small R, all the derivatives of v can be considered constant in Qg:

Ou(t, ) ~ dwu(to, xo), Oyu(t,z) =~ dyu(to, zo)
and
Il[U(t, )](.ﬁlﬂ') ~ Il[U(to, )](xo) =: Lo.
For t close to tyg, we define the points z;(¢) as in (2.2) and for v = u(t,-). Since wu is

monotone in Qg, the b; of the particles inside that box, defined as in (2.3), have all the
same value. Moreover, for those points, by differentiating in ¢ the equation

(3.3) u(t, z;(t)) = const.,
we get

Ovu(t, z;(t)) + Oypu(t, z;(t))x;(t) = 0,
from which

sy = Ot m(t) - Orulto, mo)
(3:4) B0 = g a) = Dyulte o)

Notice that since particles in the box have the same speed, they never collide there. Next
we consider as ansatz for u® the approximation of u given by (3.2) plus a small correction:

i=1
where ¢(+, ;) is defined as in (1.10) and (-, ;) as in (2.21), with ¢ the solution of (2.18)
with L = L. For a detailed heuristic motivation of this correction, see Section 3.1 of [13].
By (3.2), ®°(¢t,x) — u(t,z) as ¢ — 0. Fix (t,x) € Qg and let x;,(t) be the closest point
among the z;(t)’s to z and z;(t) = (z — z;(t))/(€d). Plugging into (1.1), we get (see proof
of (6.38) in Section 6)

0= 80.8°(1,0) - Tfo(e, o) + v ()

12

/ . " " 1 1 L
— &' (2iy) (big 4y (t) + coLo) + (W"(é(2i,)) — W"(0)) 5 > Bz, bi) — EO
i#i0
where ¢(-,b;) = ¢(-,b;) — H(-,b;), with H(-,b;) defined as in (2.8). Suppose for simplicity
that © = x;,(t), then by (2.16) and (3.1)

1 ~ LO 1 biE LU
—E i,bi——z—E — — ~0.
) ¢z, bi) o am vy T — Ty, o
iio 1710

Since ¢’ > 0, we must have

jj’io (t) ~ _CObioLO
that is, by (3.4),
Oru(to, wo) = cobiyOpu(to, To) L [u(to, -)|(0) = colOpu(to, T0)|Zi[u(to, -)](xo)-
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To formalize the argument we will construct from the ansatz local in space and time sub
and supersolutions of (1.1) to compare with u®.
Notice that if we define

z;(eT)
yi(T) = c
then the y;’s solve
' . CO bibjéf Co blb]
(7)) = 4 —cob; L = ’
Ui(T) = @3(e7) ~ —cob; Lo ~ ngi—xj m ;yi—?/j

which is the discrete dislocations dynamics given in (1.13).

Case 2: 0,u(ty,z) = 0.
When 0,u(ty, z9) = 0, we cannot obtain formula (3.4). However the ODE system (1.13)
and the approximation formula (3.1) suggests that, at least locally,

Ne
0~ Soeo (S50,
=1

() ~ —cobiTa[u(to, )] (z:(t)),
and ;(tg) = 20, with 2? the level set points of the function u(ty, -). Therefore, we proceed
as follows. Assume that in a box @), around (¢, zo) v has the form

with x;(t) solution of

(3.5) ult, ) = alx — 20)* + g(t)
for some a > 0 and g smooth. Notice that level set points of « in (), which are smaller
than x( are associated to b; = —1, and those bigger than x( are associated to b; = 1. Fix

any 0 < o << p independent of . We construct a smooth approximation, u?, of u which
is constant in z for |z — x¢| < 0. Precisely, u is such that

(u < u’
uw <u+Co?if |z — | <o
(3.6) u’ is constant in x if |z — xo| < o

u? is non-increasing in z if x € (—o0, x¢)

L u? is non-decreasing in z if z € (g, +00).
Next, we set
1
Aol
with L > 0 to be determined. We then define 2? and b;, i = 1,..., N_, as in (2.2) and
(2.3) for the function u’(ty — co,-). By (3.2), for all z € R,

(3.7) ?(ty — co, ) Zégb ( — ) +eM. + o.(1),

where the constant M, := [u” (to—ca, —oo) /€] is a normalization so that u?(ty—co, —00) —
eM. = o-(1). Define the function

(3.8) H(t,z) = ig <¢ (x_g—gg“)b) + 1) <x_€—:(§@b>> M. +e [Oiﬂ ,

i=1
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with x;(t) the solution of the ODE system (2.9) with initial condition z;(ty — co) = 29,
that is
zi(t) = 29 — bico L[t — (to — co)).

Since ]15 01 —x_“(t),bi = 0.(1), from (3.7) we can choose 0.(1) in (3.8) in such a way
i=1 €d
u(ty — co,x) < u’(ty — co,x) < H(ty — co, x).

Notice that particles x;(t) and x;,1(t) with the same orientation (b;b;1; = 1) move in
parallel, while opposite oriented particles, (b;b;17 = —1) move each toward the other.
However, since u? is constant in = € [xg — 0,29 + o] and monotonic in (—oo,zy) and
in (xg,+00), particles with opposite orientation are at distance larger than 20 at time
to — co. This guarantees that no collision occurs in the interval [ty — co,ty + co]. Then,
we are able to show that setting

C
L= —?
o2
for some Cy > 0 large enough but independent of ¢ and o, H¢ is supersolution of (1.1) in
[to — co,to + co] x R, and by the comparison principle,

He(t,x) > u®(t,xz) for any (t,x) € [ty — co,to + co] x R.
This yields,

N
2 bycoLeo) — 29
5¢((I0+ icoLco) ml),bi) +eM. + o.(1)

— €d
4k (xo + coLeo) — 2?)

:quﬁ( — g ,bl-) +eM. + o.(1),
=1

where the last equality needs to be justified (see Lemma 6.1). Then, by (3.7) and the
second inequality in (3.6), we obtain

L _ 0
u (to, o) < Zab( T % gg) w0) b,-) + M. + 0.(1)
=u’(ty — co,xo + coLeo) + o-(1)
< u(ty — co, 29 + coLeo) + 0.(1) + Co?.

Passing to the limit as ¢ — 0 and recalling the definitions of ¢ and L we get
U(tg,ﬂ?o) —Uu <t0 — ]{300%,330 + k’1(7> < 002,
for some kg, k; independent of o. Dividing both sides by ko2, by (3.5) we finally obtain

8tu(t0, 270) < 0.

Similarly, one can prove that du,(tg, zo) = 0.
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3.4. Viscosity sub and supersolutions. To formally prove the convergence result we
show the functions u™ := limsup,_,,"u and v~ := liminf._,q,u®, which are everywhere
finite, are respectively sub and supersolution of (1.4). Moreover, u™(0,2) < ugp(x) <
u~(0,z). The comparison principle then implies that v < @ < u™. Since the reverse
inequality v~ < ut always holds true, we conclude that the two functions coincide with
the continuous viscosity solution of (1.4).

4. APPROXIMATION RESULTS

In this section, we present several approximation results, which are similar to those
in [28]. In this paper, however, we consider a function v satisfying (2.1), which is not
necessarily monotonic. Since the proofs of some results are similar, they will be omitted.
Readers may consult [28] if necessary. The following lemma is proven in [28], see Lemma
4.1.

Lemma 4.1. Assume that v satisfies (2.1). Let ||vy]lo < L, and let x; be defined as in
(2.2). Then,

(4.1) Tip1 —x; = el foralli=1,... N, —1.
Moreover, there exists ¢ > 0 independent of v such that for any T € R
N. 22
4.2 ———— < cLl?
(42) Y i e
i#ig

In addition, if |v.| = a > 0 on an interval I, then for all x;\1, x; € I, we have

(4.3) T —x; <ea b

Lemma 4.2 (Short range interaction). Assume that v satisfies (2.1) and let x; and b; be
defined as in (2.2) and (2.3). Let r = r. = o-(1) and ¢/r = o.(1). For any p > r and
T € (xm +p,xN. — p), then

1 bie 1 . 1u@+p)+v@—p) —20(T)
4.4 — — =17 — <(1).
D I LA ! Fou()
r<|ai—TI<p

Proof. Since v € CY(R) and r = o0.(1), there exists C' > 0 such that
2" [0)(@)] < Cr = 0.(1).

Therefore, we have

(4.5) °)(Z) = % / %dl‘ + % / %dm + o-(1).

We write the first term in (4.5) as
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and notice that we can integrate the second term in (4.5) as follows

(4.6) / %m — (@) / ﬁdw _ “f) - “(f).

Let us denote by M, and M, respectively the smallest and the largest integer 7 such that
x; € [T — p,T — ], that is

(4.7) Tr,—1 <T—p < Ty, KTy, KT —7 < Tpgq1

Then, we have that

T—r TM Tit1 T—r

(4.8) /%dzz / %dw—l— zr_: /%dmﬁL/%dm

T—p T—p =M, 5

By (2.5), v(z) < v(T — p) + ¢ for x € [T — p,xp,]. Hence, we obtain

TMp TMp

(4.9) /%dmg / U(E—P)—F&?dx:U(E—p)—i—é_v(f—p)ﬁ—g'

(x —7)? —p Ty, — T

Similarly, v(z) < v(T —r) + € for © € [xp,,T — r|, which gives us

(4.10) /%dxg /%dm:v(i;?;s_v@—j+g

TM, TM,

Also, for x € [x;,x;41], we have v(z) < v(x;) + . Thus, we obtain

Mp—1 Fitt M,—1 it
. v(z) . v(z;) +¢
———dx < ————d
Y [ ey [
Z:Mp x; Z:Mp ;i
B A/bz—l [v(xl) +e o)+ E:|
=M, Xr; — T Liy1 — T
M,—1 M,
411 _ N U te v(@iz1) + e

i=M, i=Mp+1

Ty — X : T, — T Ty, — X
r i=M, L p
M
~v(rm,1) e v(z,) +e 2 bie
Ty, —T Ty, — T T, — T
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using v(z;) = v(x;—1) + bie in the last equality. Finally, we combine (4.6), (4.9), (4.10)
and (4.11) to get

]v(x) —u@) TP e wET—p) e
(x —7T)? —p Ty, — T
T—p
+v(f—o~)+e_v(f—o~)+e
Ty, — T -
M
v(zy, 1) +e  vlxpy)+e N e v(T v(T
e te sew) e 5 be @) 0@
Ty, — T Ty, —T =T r p
1=Mp
which simplifies to
/ o) =@, o be  v@-vE-p) e vE-r)-v@) ¢
(x — )2 T p p T r
T—p 1=Mp

W(rn1) =0(F = p) | (@ = 1) = vlew,)

Ty, —T M, — T

Note that, by (2.5) and (4.7), |v(zp,—1) —v(T — p)| < &, (@ —71) —v(TM)| < &,
|zar, — %] = v and |z, — 7| > r. Hence, the following holds:

) Vaw, ) =vE=p) e ul@ 1)~ vla)

«TM,, -

€
— < -
,

Tmpm, — T

<

Using (4.12), we therefore obtain

z—r M
-

(4.13) / Mdm < Z bie n v(Z) —v(T — p) N o(T —r) — v(T) ) 3

(x —7T)? T, —T p r T

i =M,

Similarly, for the second term in (4.5), one can show that

T+
410 /pv(x) __v(f)dx < % bis_ N v(T) —v(T +p) N v(T+7r)—0(T) N 3_5
(x —T)? L, —T p r r
T+r i=Nr
By (4.5), (4.13) and (4.14), we conclude that
1, — 1 biE 6e
")) < = > P t-t 0(1)
i#ig
(415) r<|z; —Z|<p
N 1o@+r) —20@) +v@—7r) 1o@+p)—207) + 07— p)
T r T p '
Since v € CY1(R), there exists a constant C' > 0 such that
_ Ry
(4.16) vE@+r)+oE-r) = () < Cr=o.(1).
r
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Therefore, using €/r = o.(1), we finally obtain

bi&?_ _ 1u(@+p) —20(T) +v(T - p)

(4.17) I )(T) < % ; P , +0.(1).
i#ig
r<|zi—7|<p
For the lower bound, we apply the following inequalities to (4.8).
v(z) Zv(x;) —¢ for x €[z, zi44],i=M,, ..M, — 1.
v(z) Zv(@T—p)—c for x€[T—p, xm)
v(ix) Zv(@—r)—e for z€ry_p,T—r]
Then, we follow the same steps as above to eventually obtain
s w/rv(x) —v(@), i be | v@-—v@—p)  oE-r)-v@ 3=
. (x —7T)2 ST p r r
T—p 2
Similarly, one can show that
Ttp B M, B B B B
(4.19) / v(z) _i}(x)dx > Z bia_ N v(T) — v(T + p) N v(@+r) —v(@) 3
. (x —7T)2 T p r r
T4r r
By combining (4.18) and (4.19), and using (4.16), we obtain
(4.20) T[] (T) > % Z xibi_sf B %U(x +p) — 2v[()93) + (T — p) ou(1),
r<lonl<p
where ¢/r = 0.(1). By (4.17) and (4.20), we have proven (4.4). O

Lemma 4.3 (Long range interaction). Under the assumptions of Lemma 4.2 and for r
as in the lemma, for any p > r and T € (x1 + p,xN. — p),

a2y 1Y P e - HEEAEEEE R )
|lzi—7[>p "'
Proof. First, we consider the following decomposition of Z:*[v](T).
(4.22)
1 T—p TNe 400
s - [ @ =@, e @, e =@, ) =l
I l @77 +x/ @7 +/ @7 *x/ @77
Define the following integrals.
@, [ @
= TENE =
TNe _ “+o00 _
T3 ::/U((?_;;)(Qx)dx T, ::/U(é;)_;g)(f)dx.

T+p TNe
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Proceeding as in the proof of Lemma 4.2 with T — p,x — r,T 4+ r,T + p replaced by
1, T — p,T — p,xy. respectively in (4.15), we obtain

bie N V(T + p) — 20(T) +v(T — p)

Ty + T3 < —
—_ Ly =T p
(4.23) lwi=l>p
v(@) —v(@) @) —v(ewN) N 6e
T —x T — Ty, P

Similarly, by applying the same changing of variables to (4.20), one can show that

T+ T, > Z bi5_+v(x+,0)—21)(3:)+v(:c—p)
—_ Ly =T p
(4.24) i —zl>p
o) —v(z1) v(@) —v(zy) 6
T — T T — TN, p

Next, using that

( inf ]v <o(z) <v(xy) +e forz € (—o0, 1]
—00,T1

v(zy,) —e<v(z)< sup v forz € [zy.,+00),

[z N, ,+00)
we have the following estimates
T z1
(4.25) T, = / Mdm < / v(xy) te U(E)dx _ (@) —S(f) e
(.7)—1')2 (x—x)2 T, —T T — T
(4.26) 7H217E&Q;éﬁﬁdx217imkMwﬂi_vajmﬁz_hﬁ(m@ﬂgjvﬁﬂ
(x —7)? (z — T)? P——
and
7 T su v—o(T)
(4.27) T, — / o) ~u(T@) ) WP o0 ¥~ )
(.’L‘ o x)Q TN, — X
TN,
+o00 - _
(4.28) T, = / v(@) =@, v@ —vlew) e
(z —7)? T — TN, TN, — T
TN,

Combining (4.23), (4.25) and (4.27), we obtain

bie N (T + p) — 20(T) +v(T — p)

IPP)(T) <
1 [ol(@) 5% .
(4.29) =120

SUP[gy_ ,400) U — v(Ty,) n € 6e

TN, — T T — I p
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Similarly, combining (4.24), (4.26) and (4.28), we obtain
_ bie (T + p) — 20(T) + (T — p)
P’ >
1 [v](@) Z xi—er P
(4.30) i —zl>p

V(1) —inf(_ao gy v € 6e

T — T TN, — T P

Since T — x1 = p, xy. — T = p, and

0< sup v—u(zy)<e and 0<v(zy) — inf v<e,
[INE,+OO) (—OO,.’El]

we conclude that

su v —vlT
p[mN5,+oo)__ ( N5)+__6 <§+§:§
v(z1) —inf( oo ey v 5 e € 2¢e
_ — — > - =_
T — 71 IN. — PP P

Finally, combining (4.29), (4.30) and (4.31) gives (4.21), which completes the proof. O
The following proposition is an immediate consequence of Lemma 4.2 and Lemma 4.3.

Proposition 4.4. Assume that v satisfies (2.1) and let x; and b; be defined as in (2.2)

and (2.3). Let r =r. =o0.(1) and e/r = o-(1). Then, for any T € (xp + 1,258, —T),

1 €bi
— =T v|(T -(1).
7r|:r:-§c:|>r Ti—7T 1[U](x)+0( )

Lemma 4.5. Under the assumptions of Lemma 4.2, let T = x;, + €y, where x;, is the
closest point to . Then, there exists r = r. satisfying es <r< ce‘%, with ¢ depending on
the C*! norm of v, such that

1 eb; 1
4.32 = ' =0(es) + O(n).
(4:32) ;2 o5 oEh+on)
|z —|<r

Proof. First, we want to show that
1 eb; 1
4.33 — L = O(ed).
(4.3 Y oo
K2 ZO

|z —T|<r

Let K > 0 be such that [|v,,|| @) < K. We consider three cases.

Case 1: |vg(;,)] < 12K 2e2.
By Taylor expansion and Young’s inequality, we have

K
€= |bio+1€| = \U(%H) - U(%)| < |Ux($z'o)“l’io+1 - l’z‘o| + 5(1’@‘0“ - 9%)2
v (4, ) 122K K 9
S 5122K ( 7 T ) Wien = Tio)

e 12241
< —
\2+ 2

K(xio-&-l - xi0>27



22 STEFANIA PATRIZI AND THARATHEP SANGSAWANG
which implies
1
Tig+1 — Tig 2 cez,

for some ¢ > 0 independent of €. Similarly, one can prove that

N[

Tiy — Tjy—1 = CE2.

Since x;, is the closest point to Z, we must have that T — ;1 > 055/2 and x4 — T =
05%/2. Therefore, if we choose r = r. = 05%/4, there is no index ¢ # iy for which
|T — x;] < r and thus (4.32) is trivially true.

Case 2: 12Kz2e3 < |v,(x,)| < €277, for some T € (0,1/4).

If |z — x| > €2 /(4K?2), then we choose r = €2 /(8K 2) and, as in Case 1, there is no
index @ # o for which | — z;| < r. Thus (4.32) holds true.

Now, assume |T — z;,| < €2 /(4K2) and define

[N

€
2K

We claim that v is monotone in (T — 7,7 + r), where r is defined in (4.34). To show
this, suppose that v, (x;,) > 12K32¢3. Then, for x € (T —r, T+ 1),

(4.34) r

2 2|f— .Tio|.

= | |= r o 3r
v — 5| <o —T| + [T — 25| <74+ 5 ==
2 2
Now, we have that
3rK
U:E(vx) - Ua:(xio) 2 _K’fE — xiol 2 — ,r2 ,

which gives us

Srk 3rK  45K3c3
V() = vy () — TT > 129K 3¢5 — 7’2 _ 4252

> 0.

Hence, v,(z) > 0 if |z —Z| <.

One can similarly show that v,(z) < 0 if [z — Z| < r when vy(z;,) < —12Kz¢2.
Therefore, the claim is proved. Since the monotonicity is obtained, we can apply the
same proof of Lemma 4.6 in [28] to conclude that

1 £ 1 1
(4.35) - > < Cer™7 < Cet,
T oy r; — .ZCZ‘O
\a:i—i(\]<r

which gives (4.33).

Case 3: |vy(x,)| = €277, for some 7 € (0,1/4).
Arguing as before, we can assume that |Z — ;| < e 2 . Then, we define

(4.36) ro=2"1 > 2% — 2.

As in Case 2, we can show that v is monotone in the interval (z — v, + r). Thus, the
same proof of Lemma 4.6 in [28] applies, and gives us (4.33).
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Finally, (4.32) follows by showing that

(4.37) 3 xig_f— 3 x_gx <0y,

i#ig i#ig
lxi—T|<r |~ |<r

which has been proven again in Lemma 4.6 in [28]. Combining (4.37) with (4.33), we have
(4.32), which completes the proof. O

The following proposition is an immediate consequence of Lemma 4.2, Proposition 4.4
and Lemma 4.5.

Proposition 4.6. Assume that v satisfies (2.1) and let x; and b; be defined as in (2.2)
and (2.3). Then, there exists ¢ > 0 depending on the C* norm of v such that if p > ce?
and T € (xp, + p,xn. — p), T = x;y + €7, where x;, is the closest point to T, then

N Lo(@ +p) +o(T = p) — 20(T)

@39 1Y Pz 00 + - ) +ou(L),
|$iiﬁ%T<ﬂ Z

and

(1.39) > L) (1) + O,

i#ig

N|=

Proof. The result follows by choosing r such that es <r<ceer < p, and then applying
Lemmas 4.2, 4.5, and 4.4. O

Remark 4.7. If e|y| = |T — 25| > ce2 > 7, then |T — x| > r for all i and

1 € 1 €

i#ig r<|z; —z|<p
|z —Z|<p

= I*[o](Z) + %v(ﬂ Pt U(i —p) Z20@) 0.(1).

Therefore, we can assume

(4.40) erly| < C

in (4.38) and (4.39).

Lemma 4.8. Assume that v satisfies (2.1) and let x; be defined as in (2.2). Let ¢ be

defined by (1.8). Let 1 < M < N < N; and R > CE%, with ¢ > 0 given by Proposition
4.6. Then, for all x € (xpr + R,xy — R),

N . 2
(4.41) Zzﬂ;w (“3 55“’”,@) +o(aa) — o(2)| < o.(1) + 051;5]\/'57

with o-(1) independent of R and x.
Proof. Fix © € (xpr + R,xny — R), and let z;, be the closest point to x. Then, we have
(4.42) x—x; >0 for i<ig—1, x—x2;<0 for i>ip+1
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and by (2.5)
(4.43) v(x;,) —e < v(z) <v(x,) +e.

By splitting the sum and using (4.43), we obtain

N

N
T — T — T —x;
Z ) — < v . ‘0 . — . .
i:E £¢ ( =5 ,bz) v(z) < EM 0 < = ,bz) —i—e(b( =5 ,bzo) v(x;y) + ¢

i#10
Using the asymptotic estimate (2.16), (2.4), ¢ < 1, and (4.42), we have that

N

>0 (55 - ute)

N
- § b K1e%5?
<Z€(H <x€5$ ,bi) +%x-—€x+ ‘18 2) + 26 — v(x4,)

— (x; — )
i#i0
N N 959
. + _ ) bi&f K15 )
i#ig iio
Notice that by (2.7),
En}\zﬂo—l —ENppio—1 — V() = —v(xar) + bare — bge.
We conclude that
N T — X 6 N be
4.44 I 'Y _ < =2 i
(4.44) ‘ 5gb< - ,,)—I—v(:vM) U(x)\aﬂzxi—$+05’
i=M ?;M
1710

where we also used (4.2). By decomposing the sum in the right-hand side of the above
inequality as follows

N N
115 Sy ey ke

i=M iig i=M

1#£io |x1—x|<R |Ii*x‘>R

€0 b;e 1
= E < Ce3zd = )
(4.46) o Pr—— < Ce29 05(1)
i#ig
|zi—z|<R

For the second term in (4.45), we have

(4.47)

. N 2
2 Z bie < £d Z € < gd N, _ Ce 5N€'
R

T
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Combining (4.44), (4.45), (4.46) and (4.47), we get

N
T — Ce?) N,
(4.48) Z £ ( — b) o) —v(@) < 0e(1) + —5—
Similarly, one can show that
al - 26N,
(4.49) 3o (5570 + vlow) = vlo) > o) - S
This completes the proof. U

Lemma 4.9. Under the assumptions of Lemma 4.8, there exists C' > 0 independent of €
and R such that for all xt > xn + R,

N

T — T Ce?5N.
(4.50) ZZA;W( — b) o) —v(en)| < oe(1) + —5—
Furthermore, for all x < xp; — R,

N
T — Ce?6N,

4.51 b; || <o.(1 .
(451 Yoo ()| <o+ T

Proof. First, suppose that x > xy + R. Then, z —x; > R for all ¢ = M,..., N. The
sign of b;(x — z;) depends on the sign of b;. Then by decomposing the sum and applying
(2.16), we have

i=M
_ ) b;e 9 al €
=eng y 5nMN+£Z$i_$ + K6 Z\; (=) —v(zN)
Notice that by (2.7),
enyy — gy — V(aN) = —v(2ar) + bue
Hence, we have
al T — €6 o bic Al g2
i_Zscb( =5 2,bi> +ou(znm) —v(ry) < _W;:clz—x +Kl€52;—(xi—x)2 +e
66 o & 9
< o _ZM = +Ceb” + ¢
< 052]\[6% +Ced? + ¢
Ce?5N.
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using (4.2). One can similarly show that

N
T —; Ce?0 N,
bi - 2 € 1 - 3
;m( — )—H}(:EM) v(aw) = 0:(1) — =
which completes the proof of (4.50).
Next, suppose that x < x;; — R. Notice that x —x; < —R for all i = M, ..., N and by
(2.16), we obtain

N N
_y -y . K252
Zgﬁb (:E 5%,5@‘) <Z6(H <—x (Sajl,bi)-Fé bie + 1852)
bayy! € gy’ £ arx;—zv (xr;—x)
o Noope N

= Kied®y —.
am xi—a:+ 1 Z(a:i—x)Q

i=M i=M

Thus, as before, we get
N

T — X Ce?5N.
Zesb( > ,bz)\o€<1>+ -

1=

Similarly, we can prove that

which gives (4.51). O

Proposition 4.10. Assume that v satisfies (2.1) and let x; and b; be defined as in (2.2)
and (2.3). Let ¢ be defined by (1.8) and let 6 = &(g) be such that e*N.6 = o.(1). Then,
for all x € R,

(4.52) < o.(1),

Ne
>oeo (L5 - vl
=1

where o.(1) is independent of x.

Proof. Estimate (4.52) is a consequence of the following inequality

e T — T

(2 bz _
>oeo (") o
for some C' > 0 independet of ¢.

1
Let us denote a. := e2N.6 = 0.(1). Let R = R. := max{a2,ce2} = 0.(1), with ¢ given
in Proposition 4.6. If z € (21 + R,xy. — R), then (4.53) follows from Lemma 4.8 with
M =1and N = N.. Next, let us assume = > xy. + R. Then, by (4.50), we have

Ne
>oe (L520) - ot
=1

In the interval [z, +00), the oscillation of v is less or equal than e, therefore

Ce?5N.
R )

(4.53) <o.(1)+

< Jo(en.) = v(@)] + o-(1).

jo(zn.) —v(2)] <¢,
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from which (4.53) for x > zx. + R follows. By using (4.51), one can similarly prove (4.53)
when z < z; — R.

Next, assume zy, — R < x < xn. + R. Define N to be an index such that
N < TN, — 2R < TN4+1 < TN,

Using that v(z) = v(zn.) + O(R) = v(zn) + O(R), we get

e r—x
ngb( 5 Z,bz-)—v(a:)
i=1

Ne
r — T;
< ,
<|Seo (o) vt + O
Ne T — T Ne Tr—x
= 21: €(b< = ,bz) + 21: €¢( 5 s z) —U(.TNE) +O(R)
Iiél?];E—QR x; >:172N€—2R
N T — N Tr—x
— Zagb (E—5b> + ‘Z e¢ ( — > v(zye)| + O(R)
=1 i=N+1
al T —x; e T —x;
< Z&b( 5 7bi) —v(zNn)|+ Z €¢ (Tabi) + O(R).
i=1 i=N-+1
By (4.50) with M = 1, we obtain
N
T — X Ce?N,
(4.54) ;sqﬁ (5—5 bi> —v(zy)| < o(1) 0

Since 0 < ¢ < 1, we have

> et

i=N+1

(4.55)

DI

where ny_, y_ + iy, . is the total number of particles lying inside the interval

Z €= ”N+1N +nyin) = O(R),

i=N+1

[zni1,2N.] C |z, — 2R, zN. + R),
which by (4.1) can be estimated by C'R/e for some constant C' > 0.
By (4.54) and (4.55), we have proven (4.53) when zn. — R < < . + R. Similarly,

one can prove (4.53) when 21 — R < x < x; + R, which concludes the proof of the
proposition. 0

We conclude this section with the following result that will be used in Section 5. The
proof is an easy adaptation of the proof of Lemma 4.13 in [28].

Lemma 4.11. Assume that v satisfies (2.1) and let x; and b; be defined as in (2.2) and
(2.3). Then, there exists C' > 0 such that for all z € R,

Ebi

—_ Li— X
110

< C.
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Remark 4.12. Proposition 4.10 and Lemma 4.11 hold true if in (2.1) the assumption
v(—o0) = 0 is replaced by v(—o0) = m, for any m € R. In this case formula (4.12) is
replaced by

0:(1),

5% , bi) —v(x) +eM.| <

N
>eo(*
=1

with M. = [m/e].

5. SUPERSOLUTIONS OF (1.1)

In this section, we construct global is space and local in time supersolutions of the
equation (1.1).

Lemma 5.1. Let v be a CY' function which is monotonic non-increasing in (—oo, zg),
non-decreasing in (zg,00), constant in (xg — o,x¢ + o), for some g € R and 0 < o < 1.
Let z;(t) be the solution of the ODE system (2.9) with L > 0 and z? and b; defined as in

(2.2) and (2.3). Then, there exists C' > 0 depending on v and W such that if L = C/O'%,
the function

(5.1) Zaqs( ) Zaw( ) )+E%L

is a supersolution of (1.1) in (0,0/(2coL)] x R, where ¢ is the solution of (1.8) and v is
the solution of (2.18).

Proof. To simplify the notation, we write N = N. Since v is monotonic in (—oo, z() and
(x9,00), the number of particles in each of the intervals is bounded by (supv — infv)/e

so that e N < C’ Notice that the points 2 such that 20 < x( are associated to b; = —1
while points z? > x4 to b; = —1. Moreover, since v is constant in (zo — 0, g + o) we have
that

(5.2) ) —a) =20, ifb=—1, by =1

Since L > 0 the particles on the left of 7 move to the right, while particles on the right
of ¢y move to the left. However, since the particles with opposite sign are far enough,
there is no collision for small times. More precisely, by the ODE system (2.9) and (5.2),
we see that for any t € [0,0/(2¢oL)].

Particles with same orientation move in parallel so they never collide.
Now, for a fixed (¢,z) € [0,0/(2¢oL)] x R, define

A(t,z) = 60 H (t,x) — T [H (¢, )] (x) + %W/ (@) :
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Define also z;(t) = x—g()

x. By direct computation, we obtain

N N
= bidd! (20, bi) — > Sbgit (21, ;)
=1 =1

+§W’ (Z[fb(zu i) +0(z, b >]+%L>,

=1

. Let ig be the index such that x;,(t) is the closest point to

0n|>—‘

Z J(2i, ZL [Y)] (i, bi)

where G2, b;) == ¢(2:,b;) — H(z, b;). Notice that by the periodicity of W, W/(¢(z;,b;)) =
W/ (¢(zi,b:)). Using @; = —cob;L and Iy [¢](2;, b;) = W'(¢(2:, b)), we have

N N 1 N N

=D coLd/(zi,b0) + D deoLt (21, 05) — 5 Z Oz, 0) = > Tu[¥) (=, bi)
i=1 i=1 i=1 i=1
1 N 5L

+ SW/ (Z[¢(2u ) + 51?(% )] + _>

i=1

1 ~
= COL¢,(Zi07 blo) - SW/(qb(Zio? bm)) - Il[ Z”Lo7 7,0 - Z W/ Z’M 7,

17510
] ) N N SL
+ SW, D(2ig, biy) + Z ¢z bi) + ZCW(% b;) + . + Eo,
i=1 i=1
i#io

where
N
Buie D) 3 e )~ ST )
ii;zilo 27510

By Taylor expansion of W’ around gg(zio, bi,), we can write

A(ta .1') = COL¢/(21'07 bio) - Il[ sz zo 5 Z W, Zza
z#zo

N
oL
//
+5W 5(2ig, biy ) Zqﬁzz, +Z:5w(zi,bi)+; + Eo+ B,

1757,0

where

N
By =0 Z¢ 2inb) + 3 0z, by) + oL
=1

z;ézo
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Now, by Taylor expansion of W’ around 0 and using that o = W”(0), we obtain

At 2) = oL (zi0s iy ) — Talt) (2, bio) + (W (&2 b)) — W(0 Z“”

z;ézo
N
+ (WH(&(Z%'W bio)) - W”(O))g =+ W”(gg<zioa bio)) Z w(zia bl) + EO + El + E2
i=1
L

= COL¢/(Zio> bio) -1 [w](ziov bio) + (W”<9£<Ziov bio)) - WH(O))_

(%

+ W//(é(zio’ bio))w(zloﬁ blo) + W// Zloa lo Z¢ Zza
z;ézo

N ~
T i) bz
+ (W"(9(ziy, big)) — W"(0)) Z @ + L+ Eo + Ey + Es,
ii;il()

EZ _ZO Zz; z

z;ézo

where

By using equation (2.18), we obtain

N o~
7 Zis bz
(5.4) At ) = (W"(d(2i: biy)) — W(0)) Z w + L+ Eo+ By + By + Es,
i
where
E W” Z’LO7 'LO Z¢ Z’L? Z

z;é'LO
Similarly to Lemma 5.3 in [28], one can show using the estimates of Lemma 2.2 and
Lemma 2.3 that

(55) EO + E1 + E2 + E3 = 05(1>.
Now, by (2.16) and (4.2), we get
(5.6)
N N N
QZ5 Z“ z 1 b26(5 K1 52(52 1 biEf
— — | < — — |+ O,
Z (50477 le—xl(t) * ) Zl (x — z4(1))? % le—:cl(t) i
z;ézo iig iig ii0

for some constant C' > 0. Recall that z;(t) = 29 — cob; Lt and that z;,(t) is the closest
point to & among the particles z;(t). Going back at time 0, it is easy to see that z) is
the closest point to z + cyb;, Lt. We write

N

bi€ € - <
(5.7) Zx——x,(t): Z (x4 coLt) — 2% Z (x — coLt) — 29"

=1 1=1
1740 ’i;ﬁio,w?>x0 i;éio,w?<x0
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Assume x > z( so that b;, = 1. The case x < z( can be treated similarly. Denote
y(t) := x + ¢oLt. Then, by Lemma 4.11 we have that

al € al eb; al eb; N €
_ | = - - < C’ + )
Zi_l y(t) — a? Z y(t) — a? 2_: y(t) — 2P| Z y(t) — a?
i¢i07$?>$0 i7ig m?<1’0 LE,Q<:E0

Notice that by (5.2) and (5.3), if ¥ < zy then 2 < y(t) — 0. Now, fix p > 0. By (4.1)
the number of particles in (y(t) — p,y(t) — o) is bounded by Cp/e. This, together with
Ne < C yields

al € al € al € C Cp
g —| < g — |+ E ——— (< —+ —.
—~ y(t)—ad| T | = yt) —af — y(t)—a}| ~p o
z9<xo a)<y(t)—p y(t)—p<a)<y(t)—o

Choosing p = o2 the two last estimates give

N

(5-8) Z (x+ Cozt) — ¥

i=1 g
i#io,(lt?>x0

If 29 < xo, then by (5.2) and (5.3), 20 < (v — coLt) — 0 /2 for any t € [0,0/(2¢oL)], so
that similar computations as above yield

2

N

(5.9) Z (x — cozt) — Y S

i=1 ?
i;ﬁio,x?<:ﬂo

Combining (5.4), (5.5), (5.6), (5.7), (5.8) and (5.9), we finally obtain

2

|

At,z) > ——+L >0,

Q

— NI

which implies that H¢ is a supersolution of (1.1) by choosing L = C/O'% with C' > 0
sufficiently large. O

6. PROOF OF THEOREM 1.1

In this section, we prove our main Theorem 1.1. We first show that the functions u®
are bounded uniformly in €. Since W/(z) = 0 for any z € Z, integers are stationary
solutions to (1.1). Let A\;, Ay € Z be such that A\; < infg uy < supg up < A2. Then by the
comparison principle we have that for any € > 0

A < ut(t,x) < Ap forall (¢,2) € (0,+00) X R.

In particular, u™ := limsup._,, u° is everywhere finite. We will prove that u™ is a viscosity
subsolution of (1.4). Similarly, we can prove that v~ := liminf,._,,u® is a supersolution
of (1.4). We will then show that

(6.1) ut(0,2) < up(z) <u (0,2),
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with ug the initial condition in (1.4). The proof of (6.1) is postponed to Section 7. Then,
if w is the viscosity solution of (1.4), by the comparison principle,

(6.2) vt <u<u.

Since the reverse inequality ©~ < u™ always holds true, we conclude that the two functions
coincide with u and that u®* — w as ¢ — 0, uniformly on compact sets.

Let us start by proving that u™ is a viscosity subsolution of (1.4). Let n be a smooth
bounded function such that

(6.3) ut(t,z) —n(t,z) < ut(to, xo) — nlte, wo) =0 for all (t, ) # (to, x0)-

We separate the proof into two cases.

6.1. Case 1: Test function n with 9,n(ty,zo) = 0.
In this case, we want to show that

(64) 8t77(t0,x0) < 0.
Without loss of generality, we may assume that 1 has the form

(6.5) n(t, z) = hz) +g(t)
with g any smooth function and A satisfying

h(z) = a(z — x0)? for |z — x| < p
(6.6) h is non-increasing in (—oo, xy)

h is non-decreasing in (xg, +00)
for some a,p > 0. Fix o0 > 0 such that 40 < p.

We are going to construct a global in space supersolution of (1.1) in an interval around
to by using Lemma 5. We cannot apply the lemma to the function 7 as the required flat
condition is not satisfied by 7. Therefore, we consider the function n? (¢, z) := h?(x)+g(t),
where h?(z) = max{h(x),a(20)?}. Notice that n” > n, n° < n+a(20)? and 77 is constant
in the interval (zo — 20,20 + 20). However, n° is not of class C!. To overcome this
problem, we consider any C''! function 7° such that

77 (t, ) = h?(x) + g(t),
with h° satisfying
h® > h? > h
he(x) = he(x) = a(20)? if |z — x| <o

h? is non-increasing in (—oo, x¢)

(6.7)
h? is non-decreasing in (xq, +00).
For example, the function h?(x) defined for |z — x| < p by

2a(x —x9g — 0)? +4ao? fx>z9+0
h?(z) = < 4ad* if |x — x| <o
2a(x —xg+ 0)? +4dac® fx<zy—0
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and extended to be monotonic, bounded and above h outside (xy — p, xo + p) would work.
Moreover, since u® is bounded uniformly in e, without loss of generality we can assume
that for all e > 0 and all ¢ > 0,

(6.8) 0o (t,x) = u(t,x) if |z — x| > 1.

Finally, since u™ — 7 attains a strict maximum at (¢g, zo) and 777 >, for all R > 0 there
exists g = gg(R) such that for € < g

(6.9) u*(t,x) —n°(t,x) <0 for all (t,z) € Q1.1(to, z0) \ Qr.r(to, To).

Next, we set

1

el

with L to be determined. Define 2 and b;, ¢ = 1,..., N, as in as in (2.2) and (2.3) for the
function 77 (ty — co, +). Since 77(t, -) is monotonic in (—o0, zg) and (xg, 00), the number of
particles in each interval is bounded by (sup 77 —inf 777) /e so that e N, < C. In particular

the condition €2 N.§ = o.(1) is satisfied and we are in position to apply Proposition 4.10
(recall Remark 4.12) to get

(6.11) i (ty — co, x) qub(

where M, := [77(ty — co, —o0)/e]. By (6.8), (6.9) with R = co, and (6.11) we also have

(6.10)

)+€M +o.(1),

0

(6.12) u® (ty — co, x) ngb( — )+5M + 0.(1).

Let z;(t) be the solution of the ODE system (2.9) with initial condition z;(ty — co) = a9,
that is

zi(t) = 29 — bico L[t — (to — co)).
Define

S = xilt) = x — x;(t) eSL 0:(1)
= ;sqﬁ (Tdn) +Z€5¢ (T,bi) +5M5+7+5 [ - -‘ 7

i=1
with ¢ and ¢ the solutions of (1.8) and (2.18) respectively. Notice that

ia&p (x_g—‘g(t) bl-)

i=1

(6.13) < CeN5 < Co = o (1).

By (6.12) and (6.13) we can choose o0.(1) in the definition of H® such that
He(ty — co,z) = u(tg — co,x).
Now, by Lemma 5.1 if

(6.14) L=

MEES

with Cj large enough, the function H¢ is supersolution of (1.1) in [ty — co,tg + co] x R.
Therefore, by the comparison principle, we obtain

(6.15) He(t,x) > u®(t,x) for any (t,x) € [ty — co,ty + co] x R.
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Consider a sequence (t., x.) converging to (to, zo) as € — 0. By (6.15) and (6.13) we have
that

S — xi(to)
=> &6 (M, bi) +eM. + 0-(1)

(6.16) R
N,
5 . L _ _ 0
— 8¢(($s+szO (t5€5t0+00)) xz’bi) +5M5+05(]—)-
i=1

Next we use the following result.

Lemma 6.1. We have that,

N¢ ) _ _ 0
Z&b ((% + bicoL(t. — to + co)) — a3 ;bi)

i=1 ed

(6.17)

N,

€ L _ _ 0

:Ze¢(<$s+co (ts 6;04*0(7)) mz,bi)—i—OS(l).
=1

We postpone the proof of Lemma 6.1 to Section 9.
Now, from (6.16), Lemma 6.1, Proposition 4.10, the definition of x? and using that
77 (t,x) < n(t,x) + Co? if |x — o] < o, we infer that

£d
= 7% (tg — co, 2. + coL(t. — to + co)) + o0-(1)
<ty — co,me + coL(t. — tg + co)) + o.(1) + Co?.

N,

: e+ bicoL(t. —t — a0
UE(tEaxe)<Z<€¢((x + b;Co ( 0+CO’)) xz,bi)—FSME—FOE(l)

i=1

By passing to limsup® as ¢ — 0, we obtain
ut(to, z0) <ty — co, 29 + ccoLo) + Co?.
Since u™ (t, x9) = n(to, o), we also have
n(to, z0) — n(to — co, 20) < 1ty — co, g + ccoLo) — n(ty — co, 1) + Co?,

by subtracting 7(ty — co, xg) on both sides. Now, recalling the expression of  with h as
in (6.6), (6.10) and (6.14), we see that the inequality above yields

2
n(t()vx()) - 77(t0 — k?00'37$0) <a <%> + 00-27

where ko := 1/(4¢oCp). By dividing both sides by koo2 and taking the limit as ¢ — 0T,
we finally get (6.4).

6.2. Case 2: Test function n with 9,7(to, z) # 0.
Without loss of generality we assume that

(618) 8:077(750,:1:0) > 0.
The goal is to show that

(6.19) om(to, o) < co0yn(to, o) Z1[n(to, )] (z0).
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We start with the following asymptotic result whose proof is postponed to Section 8.

Lemma 6.2. Let vy, vy, wy, we be defined as in (2.12) and (2.13). Then, there exists
L > 0 such that for all (t,x) € (0,400) x R

max{vy(x +coLt), wi(z —coLt)} < u™ (t,7) < ut(t, ) < min{vy(z + coLt), wo(x — coLt)}.
Without loss of generality we may assume that 7 satisfies
(6.20) n(t,x) = vo(r + colt) if z < —K, n(t,x) = we(x — coLt) if x > K,

for K large enough and L > 0 given in Lemma 6.2. Indeed, assume that (6.19) holds
true for any test function satisfying (6.20). If 77 is any test function satisfying (6.3), by
Lemma 6.2 we can always build a function 7 such that n = 7 in a neighborhood of (¢, xo),
n < 7, and n satisfies (6.20). By 9n(to, zo) = 0in(to, xo), Ozn(to, o) = Oxfi(to, xo) and
Zi[n(to, ) (xo) < Zy[n(to, )] (x) and (6.19) we infer that
Ai1i(to, To) < co0xTi(to, To) Zi[7(to, )] (20),

as desired. Condition (6.20) implies that for any 7" > 0 the points z; = z;(t) defined as
in (2.2) for the function n(t,-) with ¢ € [0, 7] belong to the set [—K. — ¢oLT, K. + ¢o LT
with K. defined as in Section 2.2. Therefore, the number of such particles N. = N.(t)
satisfies N. < C(K. + ¢oLT)/e. In particular, by (2.14),

(6.21) e2N.6 = o0.(1).

This will allow us to apply Proposition 4.10 to v(x) = n(t, z) with ¢ close to to.
Next, the proof of (6.19) is an adaptation of the proof given in [28] in the monotonic
case, therefore we will skip some details and refer to the corresponding results in [28].
Suppose by contradiction that

(6.22) I (to, wo) > codun(to, x0) Ti[n(to, -)](wo)-
Denote

Lo :=Ti[n(to, )] (zo).
By (6.18) and (6.22), there exist 0 < p < 1 and L; > 0 such that

> 0x1(to, o)

(6.23) Oun(t, z) > 5 >0 for all (t,z) € Qap2,(t0, %),
and
(6.24) om(t,z) = co0ym(t,x)(Lo + Ly) for all (t,z) € Q2p2,(to, To)-

Define z¢ = w;(to) and b;, i = 1,...,N,, as in (2.2) and (2.3) for the function 7 at
t =1ty5. For 0 < R < p to be determined, let x?wp be the biggest point which is smaller
than zo — (p + R), and :c?vp the lowest point bigger than zo + (p + R), that is

(6.25) ry, < xo— (p+ R) <afy 4
and
(6.26) x%ﬁ,l Szo+ (p+R) < x?vp.

In other words, {4, , 2%, (1, .., 2% 1, 2%, } are the particle points in the interval (zo—(p+

R),z9 + (p+ R)). By definition, there exists Jy € {1,..., Nc} such that n(to, 23, ) = Joe,
and since n(to, -) is increasing in (zg — (p + R), x¢o + (p + R)), we have that

n(to, 25, ) = (i + Jo)e, fori=0,1,..,N,— M, :=K,.
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Define By := 0,1(to, o)/ (2]|0i||s). Now, for any time ¢ such that |t — to| < BoR, we
define a set

(6.27) Xi(t) :={zr € (o — (p+3R), 20 + (p+3R)) : n(t,x) = (i + Jo)e},
fori=0,1,..., K,.

Lemma 6.3. Let By := 0,1(to, 0)/(2]|0i]|) and X;(t) be defined by (6.27),i =0, ..., K,

)
Then, there ezists €9 = €o(p) such that for e < ey and R < p/3, X;(t) is a singleton, that
is, X;(t) = {C'(t)}, and (' € CY(ty — BoR,to + BoR) and for |t — to| < ByR,

(6.28) (0 < By
(6.29) zo+p < Fe(t) < xg + p+ 3R,
(6.30) zo— (p+3R) < °t) < 20 — p.

In particular (t,¢(t)) € Qap2p(to, To)-

Proof. By the monotonicity of n, X;(t) is a singleton. The rest of the proof of Lemma 6.3
directly follows the proof of Lemma 5.1 in [28]. O

Therefore, by choosing R < p/3, we have that (¢, (*(t)) € Q2p2,(to, To) and

(6.31) n(t,¢'(t) = (i+ Jo)e,

fori=0,1,..., K, By Lemma 6.3, (*(t) is of class C'(to — BoR,to + BoR), allowing us to
differentiate (6.31) in ¢, which yields

Om(t, C'(t)) + Bun(t, C'(1))C' () = 0.
Using (6.24), for |t — ty| < BoR, we obtain
(632) _Cz(t) > CO(L0+L1)7 i :Oa]-)"'va'

Next, we will construct a supersolution of (1.1) in Qp,r r(to, zo) for R < p < 1. Since
the maximum of ut — 7 is strict, there exists yg > 0 such that

(6.33) vt —n< -2y <0 in QQP’Qp(tO,xO) \ Qpor.r(to, To).
Then, we define
€ ely _ . |ar )
(6.34) e(t ) = | (BT T e ] for (1 2) € Qg (fo, 20)
u(t, x) outside,
where
Ky T — G(t) T — Cz(t)
h8 = - - 7 1 1
(t, ) ;e (cb ( e ) + 00 <—€§ , >)
(6.35) M,—1 R N, g
L b, i p
+ 2_; 5¢( pra ) +i%:+1€¢< s )

with ¢ a solution the (1.8) and v the solution of (2.18) with L = Ly + L;.
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Lemma 6.4. There ezist 0 < R < p and €y = €o(R, p) > 0 such that for any € < €y, the
function ®° defined by (6.34) satisfies

(6.36) O° > u®  outside Qpyr.r(to, To),
(637) (DE < n —|— 05(1) — & {%J m QBOR,R(t()) l’o),
and
£ £ 1 / CI)E .
(638) 6(’9t<I> > Il[q) ] — SW ? m QBUR,R(th ZL‘Q),

We are now in position to conclude the proof for Case 2. By (6.36) and (6.38) and the
comparison principle, Proposition 2.7, we have

ut(t,x) < ®°(t,z) for all (¢,x) € Qp,r.r(to, To)-
Passing to the upper limit as ¢ — 0 and using (6.37) and that u™(tg, z0) = n(to, o), we
obtain
0 < —VR,
which is a contradiction. This completes the proof of (6.19).
Proof of Lemma 6.4. We divide the proof of Lemma 6.4 in several steps. To prove

(6.36) and (6.37), we will need the following lemma whose proof is postponed to Section
9.

Lemma 6.5. There exists ¢g = eo(R,p) > 0 such that for any € < &y and for any
(t,z) € Qpyr,p—r(to, o), we have

|h€(t,l’) - 77(757@’ < 08(1)°

Proof of (6.36). By definition (6.34) of ®°, ®°(¢,x) = u®(t, ) outside of QBOR,g(to,l"o)-
Next, by Lemma 6.5 and (6.33), for (¢,z) € Qp,r 2 (to, %0) \ @Bor,r(t0, Z0),

O (t, ) = he(t 2) + 2L . [V—RJ

« €
> n(t,@) +0.(1) e | 21
> u(t, z).

This concludes the proof of (6.36).

Proof of (6.37). By Lemma 6.5, for (¢,2) € Qp,r,r(to, o)

D |2 <t + o)) | 2]

O°(t,x) = h*(t,z) +

which gives (6.37).

For |x — 29| > p — R we obtain a worse approximation result than the one in Lemma
6.5 as shown below. This is due to the fact that we have choosen the particles x; to be
constant in time, equal to z?, for i < M, and i > N,.

Lemma 6.6. There exists eg = £o(R, p) > 0 such that for any e < g, if |t — to| < BoR,
and |x — xo| = p — R, then

|h(t, z) — n(t,x)| < 0.(1) + O(R).
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We postpone the proof of Lemma 6.6 to Section 9.

Corollary 6.7. There exists g = €o(R, p) > 0 such that for any € < €9, R < p/4, and
any (t,x) € Qpyr,r(to, o), we have

or(1
(6.39) Z,[®°(t, )] (z) < Th[h°(t, )](z) + 0-(1) + Rp( )
Proof. The corollary is a consequence of Lemma 6.5, Lemma 6.6 and the definition (6.34)
of ®°. For details, we refer to the proof of Corollary 5.7 in [28]. U

Now, we are ready to prove (6.38).
Proof of (6.38). Denote

1 o,
A= (5&@5 — Il [(I)E] + gW, <?) .

We want to show that A(¢, z) > 0 for all (¢, 2) € Qp,r.r(to, ¥0). Fix (t,7) € Qp,r.r(to, To)-
Let ip be such that (% (%) is the closest point to . Then, T = (% (f) + &7, with |y| <
2/10.m(to, xo)| by (4.3) and (6.23). Define

a)= TS0 S TEE g Geb) = o) — H(=b)

with H(z,b) defined as in (2.8). Using Corollary 6.7, equations (1.8) and (2.18), perform-
ing Taylor expansions, as in the proof of Lemma 5.3 in [28], we obtain

(6.40)

C>1|P—‘

K
_ 1~ - 1'g
AE) > (W(9(=1,). 1) = W(0) | 5 D26z 1) + 5
a2
+ L+ Ey+ E1+ Ey+ B3+ Ey,

=1

N¢ ~
i=Np+1

Ly
(07

where
Ey=o.(1) + or(1)
0
ZC ¢/ Zla 62( Zz; 5CZO( )1/1/(21'0, 1)
Z#ZO 17510
2
1 K, R My—1 B N. ) 5L1
Ey = SO Z[¢(Zza 1) + 89(z;, 1)] + 09(z, 1) + Z gb(z?, bi) + Z gb(z?, b)) + 1
z’i;ioo i=1 i=N,+1 o
| Mot 1 N
Z 10,0 1 \)2
520 (20, 1))” + 5 Z 0(¢ 52-: HO((b(zl,bZ))

z;ﬁzo

E W” ZZQ7 Zd} 217 ZII Z“

z;ézo z;ézo
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We have estimates for the error terms FEi, Fy, F3 and FE, as stated in the following
lemma.

Lemma 6.8. Fori > 1, the error E; defined as above satisfies

Proof. The proof follows directly the proof of Lemma 5.9 in [28]. O
Furthermore, we claim the following.
Lemma 6.9.
(6.41)
1 | R
(7760 1)=I7(0)) | 5 32 600 1) = 220 Intto NGoa) | = 0.0 +0n(1)+0,0+0 (2 ),
i

and

1 1 & 1 R

- 520 b))+ = (20 b)) — TP . — =
(642 5 D 905 3 A )~ (T lnlo ) = (1) (1) £0 (5).

Proof. By the monotonicity of n in Qpg,r r(to, Zo), the proof of (6.41) directly follows the
proof of Lemma 5.8 in [28]. With a slight modification of the proof of (5.32) in Lemma
5.8 in [28], using (4.2) and Lemma 4.3 presented in this paper, we now show the estimate
(6.42). By (2.16) and (4.2), we have that

(6.43)
M,—1 N, Mp—1 Mp—1
I ~, 1 «— - 1 — &b - £2)
- 0 b) + ~ 0 b) < — R
5Z¢(Zza )+5Z ¢(zz7 ) omZx?—x+ IZ(J;?_:L‘)Q
i=1 i=N,+1 i=1 =1
N N
1 2 eb; = 20
+a_ Z m_x+K1 Z (20 — 2)2
i=N,+1 ¢ i=N,+1 * *
My—1 Ne
1 €bz 1 5bz
< — — O(o
ar — x) - omi:NZsz—ij (¥)

Since |x — zo| < R and |2) — x| > p+ R for i < M, —1 and i > N, + 1, we have that for
those indices |z — 2| > p. However, there may be particles z{ with i = M,,..., N, for
which |z — 2| > p. Therefore, we can write

M,—1 N N, N,
(6 44) 1 pz €bi i 1 ZE €bi 1 ZE €bi 1 Zp é‘bi
' ar &~ Y-z  ar . ) —x  ar -z  ar ) —
1= 7,:Np+1 i=Mg i=M)p
|lz—aP|>p lz—af|>p

Notice that, by (4.1), (6.25), (6.26), and |z — 29| < R, the number of particles ¥,
i=M,...,N,such that |z — 2?| > p is bounded by CR/e. Therefore,

Np

b; CR
Z :B?E—x S ’

i=M, P
lz—a?|>p
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By Lemma 4.3 and the estimate above, then (6.44) becomes

(6.45)
M,—1 N
1 & eb; 1 = eb; 2.0 il
Y e 3 e Tl )+ o1 o)+ 0 (1)
=1 1=Np+1
Combining (6.43) and (6.45) yields
1A G 1 R
£ 30 A 5 DD a0 - STl ) < 0u(D) +0,(1)+0 ()
=1 i=Njy+1
Similarly, one can prove the opposite inequality. This proves (6.42).
O
As a consequence of Lemma 6.8 and Lemma 6.9, the inequality (6.40) becomes
- 1
A@@}Lﬁmﬂ%MMU+MU+%%Z
We choose R < p < 1 and gy so small that for any € < &,
1 L
OAU+OMU+OAU+9%J <2

Then,

- L
m@>§>0

This completes the proof of (6.38).

7. PROOF OF (6.1)

To prove (6.1) we are going to build supersolutions of (1.1) for small times to compare to
u®. Fix any point 2y € R. Since ug is a C™! function, there exists a parabola a(x —y)?+b
touching from above ug at xg, for some 30,0 € R and a > 0. Since ug is bounded, there
exists a bounded smooth function g touching uy from above such that

g = uo, g(xo) = uo(zo)
g=a(r—yo)*+b in (zg— 1,79+ 1)
g is non-increasing in (—oo, yo)

g is non-decreasing in (yg, +00).

Finally, following the construction of Section 6.1, for ¢ > 0 small enough it is easy to see
that there exists a C%! function g, such that

ga>gv ga('xO)_)g(xO) as o — 0
gs is constant in (yo — o, yo + 0)
go is non-increasing in (—oo, yg)

go is non-decreasing in (yo, +00).

Let 29 and b;, i = 1,..., N. be defined as in (2.2) and (2.3) for the function g,.
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Let M. := [gy(—00)/e]. Then, by Lemma 5.1 there exists L = C/o2 such that if z;(t)
is the solution of the ODE system (2.9) with z;(0) = z?, the function

N N.
HE(t, x) = z;&b (x_g—:g(t) bi) + ;sw (—x _g?(t),bi) +eM. +e [@w + E%L

is supersolution of (1.1) in (0,0/(2¢oL)] x R. Since u®(0, z) = up(z) < g,(z), by Proposi-
tion 4.10 (recall Remark 4.12) and the fact that

:zzg(w (m_g—ﬁ(t)b> = 0.(1),

we can choose 0.(1) in the definition of H® such that u(0,z) < H(0,x). Then, by the
comparison principle,

u (t,z) < He(t,x) for all (t,x) € (0,0/(2¢oL)] x R.

Consider any sequence (t., z.) converging to (0,zg) as € — 0. As in the proof of Theorem
1.1, we have

- — (1)
= Zegb (%,@) +eM. + o.(1)

N,
5 . L _ 0
~Y e (("’”f + blczé fe) = 2, b) + M. +o0.(1)

N,
: -+ coLlts) — a)
:Zggb((x + coLte) $’,bi)+€M5+05(1)

= g7 (zc + coLt.) + 0-(1).

Passing to the lim sup® we get
u™(0,20) < g7 (x0).
0

Finally, letting o — 0 and using that g7 (zo) — g(z0) = uo(xo) as ¢ — 0, we get
u™(0,20) < up(xp)

as desired.

8. ASYMPTOTIC BEHAVIOR OF THE LIMIT FUNCTION: PROOF OF PROPOSITION 1.3

In this section, we investigate the asymptotic behavior as x — £o00 of the limit function
u. We first prove Lemma 6.2 and then Proposition 1.3.
The following result is proven in [28, Section 6].

Lemma 8.1. Let vy be a CY' non-decreasing function and let v¢ be the solution of (1.1)
with v¥(0,x) = vo(x). Then, there exists L > 0 independent of € such that for all (t,x) €
(0, +00) x R,

vo(x — coLit) 4+ 0-(1) < v°(t,x) < vo(x + coLt) + o0:(1).

Similarly, one can prove
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Lemma 8.2. Let wy be a CY non-increasing function and let w® be the solution of (1.1)
with w®(0,z) = wo(x). Then, there exists L > 0 independent of € such that for all
(t,x) € (0,400) x R,

wo(z + coLt) + 0-(1) < w(t,x) < wo(x — coLt) + o-(1).

8.1. Proof of Lemma 6.2. Let vy and wy defined as in (2.13). Let v° be the solution
of (1.1) with initial condition v®(0,z) = vy(x) and let w*® be the solution of (1.1) with
initial condition w®(0, ) = we(z). By the comparison principle, u®(t,z) < v°(t,z) and
us(t, ) < wé(t,z) for all (¢,x) € (0,+00) x R. The inequality

u (t,x) <ut(t,z) <min{vy(x + coLt), wo(x — coLt)}
then follows from Lemma 8.1 and Lemma 8.2. Similarly, one can prove that
u (t,x) = max{v(x + coLt), wr (x — coLt)},

and this concluded the proof of the lemma.

8.2. Proof of Proposition 1.3. By Theorem 1.1 we know that v~ = u™ = u with @ the
solution of (1.4). Then, the limits in (1.6) immediately follow from Lemma 6.2. Finally,
estimate (1.7) is a consequence of the comparison principle and the fact that constants
are solutions to the equation dyu = co|0,u| Z; [u].

9. APPENDIX

Lemma 9.1. There exists C' > 0 independent of € and p such that, for any x € R,

(=5

Proof. Using (6.31) and ||¢||« < C for some C' > 0, we have

< Co.

Ky

Zgw( c()))

=0

< 0| Yllooe (K, + 1)

= 5”¢HOO€(KP + J() — Jo + 1)

= 0l lloe (n(t, ¢ (8)) — m(t, ¢ (1)) + €)
< (6.

9.1. Proof of Lemma 6.5. To prove the lemma, we will show the following claims.
Claim 1: |S21% e (Z52,1) + ey - n(t,x)‘ < 0,(1) + CE29N:.

Proof of Claim 1. If (t,x) € Qpyr,,—r(to, To), then by Lemma 6.3 2 € (¢°(¢t)+R, (¥ (t)—
R). Then, Claim 1 follows from Lemma 4.8 and the fact that (¢, (°(t)) = Joe.

Claim 2: ‘Zﬁfle <x€§17b> JOE‘ 0-(1) + C0e,
Proof of Claim 2. By using (6.25), if (t,2) € Qpyr,-r(to, o), then x > 2§, | + R.

Claim 2 then follows from (4.50) and the fact that n(to, 2}) = € and n(to, 23, _;) = Joc —¢.

Claim 3: ‘ZZ N+15¢< — ,bz) <og(1)+%.
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Proof of Claim 3. By using (6.26), if (t,2) € Qp,rp—r(to,zo), then x < :L‘(])Vp+1 - R.
Claim 3 then immediately follows from (4.51).

Finally, the lemma is a consequence of Claims 1-3, Lemma 9.1 and (6.21).

9.2. Proof of Lemma 6.6. We first consider |x — z9| > p 4+ 4R. Let us assume that
x > xo+ p+ 4R. One can similarly prove the lemma for x < zq — (p + 4R). We divide
the proof into three claims as follows.

; 25N,
Claim 1: ‘Zfi"o 50) (I_fé(t), 1) - er‘ <o.(1)+ C’aR =

Proof of Claim 1. If |t — ty] < BoR and = > xy + p + 4R, then by Lemma 6.3
r > (%(t) + R. Therefore, Claim 1 follows immediately by (4.50) and the fact that
n(t, ¢Re () —n(t, °(t) = eKp.

Ce?)N.

Claim 2: ‘Zi]\i"l_l 0 ( 661, ) edo| <oc(1) + =
Proof of Claim 2. By (6.25), if x > 2o + p + 4R, then x > 2, + R. Claim 2 then
follows from (4.50) and the fact that n(to, 23, ;) = Jog — €.

z—a Ce?5N.
Claim 3: ‘ZZ N,+1E0 (T?’bZ) +e(K,+ Jo) —n(t,z)| <o (1) + ER + O(R).

Proof of Claim 8. By (6.26), if z > x¢ + p + 4R and in addition x < x?ve — R, then
x € (2}, + R, 2}, — R). By Lemma 4.8 and the fact that n(to, 2} 1) = (K, + Jo + 1),
we obtain

e T — )
> 5¢( — i)+5(KP+J0)—n(t,x)

i=N,+1

<| 30 w0 (S5 ety ) = ntton)| + It ) — e 2)

i=N,+1
Ce?0N,
R

using |n(to, z) — n(t, z)| < O(R). This proves Claim 3 with z < 2% — R.
Next, suppose that « > 2%+ R. In this case, we apply (4.50) to obtain

<o (1) + + O(R),

i 6(25( — ?b)+s(Kp+J0)—n(t,a:)

i=N,+1

N. _ 0
<> ab( Y b> + (K, + Jo) — n(to, 2y,) | + In(to, 2,) — n(t, )]

i=N,+1
Ce?5N.
R

where, in the last inequality, we used that

(91)  [nlto, 2'5.) = n(t, 2)] < Inlto, 2x.) = n(te, z)| + [nto, ¥) — n(t, x)| < & + O(R).

< o:(1) + +O(R),
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Finally, suppose ZL‘?Vs — R <2< af ~. + R. Define N to be an index such that

% <17N —2R<$N+1 <3:?VS.

We have
ak r—a)
> o (TS0 e, + )~ it
i=Np+1 <
N a:—a;o
1=Np+1
e Tr—
+ .Z 5¢< - b) +0.(1) + O(R).
1=N+1
By (4.50)
al el Ce25N,
Z €¢( - o b>+€(Kp+J0)—n(t0,x9V) <o:(1)+ 6R .
i=N,+1

By using that 0 < ¢ < 1 and that {zny1,...,2n.} C (xy.—2R, zn.) so that [{zni1, ..., 28} <

CR/e, we have
N .0
Z » (x ZL‘Z >

i=N+1

< O(R).

This concludes the proof of Claim 3.

The lemma for |x — x| > p + 4R follows as a consequence of Claims 1-3, Lemma 9.1
and (6.21).

Finally, let us consider the case p — R < |z — xo| < p + 4R. Assume without loss of
generality that p — R < x — 2o < p+4R. We will divide the proof into three claims.

=29 Ce*0N,

Claim 4: ‘zj‘iq e ( i b> Joe| < 0.(1) + 5R .

Proof of Claim 4. By (6.25) and xo+ p— R < x, we have that = > x?wp + R. Therefore,
using (4.50), the claim immediately follows.

Ce?5N.

Claim 5: ‘ZZ o ¢<$5§z,b)( 0-(1) + +O(R).
Proof of Claim 5. Define an index N; such that
zo 4 p+5R < 2y, < afy, +6R,

so that © < z9+p+4R < 2%, —R. By using (4.51),0 < ¢ < Land |[{zy,41,...,2n,-1}] <

CR/e, we obtain
ak T— pii z — 20 Ne 20
Z€¢( 5lai) <ZE¢< 5(52’i)+25¢( i ’L)‘
i=Np+1 1=Np+1 i=Nq

Ce?)N.

=O(R) +o.(1) + Ia

This completes the proof of Claim 5.
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Claim 6: ‘Zfipo e (259, 1) + o= — i, x)‘ < O(R).

Proof of Claim 6. By Lemma 6.3, |z — ()|, | — ¢(¥#(¢)|=O(R). Then, by using that
0<¢ <1 n(tc(t) = ey and n(t, (% () = e(Jo + IK,), we get

quﬁ( z=C®) )—i—Joe—n(t,x)<€(J0+Kp+1)—77(t,x)

n(t, ¢ (1) —n(t, ) +¢

_ O(R),
and
>eo (TS0 ) e (e, > e = nft ) = 0,0 = (e, ) = O(R)

which proves the claim.

The lemma for p — R < |z — 29| < p + 4R follows from Claims 4-6, Lemma 9.1 and
(6.21).

9.3. Proof of Lemma 6.1. Recalling that if 27 < x( then b; = —1, while if 29 > o then
b; = 1, we write

iﬂb (xg—i-bicOL( —to+co) — ¥ b>
— €d

i ¢<x5+coL( —to+co) — ¥ 1)
= €
(9.2) = ed
a:?>a:0
ak z. — coL(t. —to +co) — a?
e — C0O e — W0 - 4y
to—1].
PR R )
ac?<xo
Let us show that
N,
2 . +coL(t. —t — 20
(9.3) Y e (x L 550+CU) xz,—1) = 0.(1) — eN_,
28 <g

where N is the number of negative oriented particles. By (6.10),

(9.4) e £ coL(t: —tog+co) =xg £ coLeo + o-(1) = x9 = % + o-(1).

Since 77 is constant in x for |x — z¢| < o, if 2¥ < x( then
To — x? = 0,

which combined with (9.4) gives

q

xe £ coL(t. —to—l—co)—x?>§
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Therefore by (2.16),

i o6 (a:€ + coL(te — tog + co) —x?’_l)

)
i=1

:C(i)<a§0

N,

= e26C _
< —eN,
o
i=1
z?<:1:0

= 08(1) - ENs_>

where we used that e N, < C. Similarly, one can show that

N,
: . Etcol(t. —t — 29
Z cp (x oL 0 + co) xl,—l) > o0.(1) —eN_.

€d

=1
:E?<:E0

This concludes the proof of (9.3). From (9.3) in particular we infer that

f: » (xa—COL(tg—to—i—ca) —x?’_l)
)

Ne . o 0
=2 < (‘"“COL“S o) xz),—l) +o.(1),

x?<ro

which combined with (9.2) yields (6.17).
This concludes the proof of the lemma.
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