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DRAFT

1. INTRODUCTION

In this paper, we study a nonlocal, reaction-diffusion equation that arrises naturally in the
Peierls—-Nabarro model for atomic dislocations in crystals. Our initial configuration corre-
sponds to multiple loop dislocations with the same orientation. After suitably rescaling the
problem from the microscopic scale to the mesoscopic scale, we show that the dislocation
loops move independently, according to their mean curvature.

The evolution of edge dislocations has been well-studied in the literature, that is, when
the dislocations are straight, parallel lines. See [7] for an excellent overview of the subject.
In this special setting, the Peierls-Nabarro model reduces to a one-dimensional PDE. We are
the first to study the dynamics of dislocation curves that are not edge dislocations and thus
the physical model can only be reduced to a two-dimensional PDE.
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To be more precise, we are interested in the nonlocal, reaction-diffusion equation

(1.1) e’ = (eZ,u® — W'(u®)) inR", n>2,

e |lng|

where € > 0 is a small parameter, Z,, denotes the fractional Laplacian of order 1 in R", and
W is a multi-well potential. The nonlocal operator Z,, is given by

Zpu(x) =P.V. / (u(z +y) — u(x)) \yTZ/H dy

where P.V. indicated that the integral is taken in the principal value sense. Up to a
multiplicative constant, it can be shown that Z,, satisfies the Fourier transform identity

I/n\u(f) = [¢|u(€), £ € R™. For more further backgound on fractional Laplacians, see for
example [6,14]. Regarding the potential W, we assume that

(W e C*A(R) for some 0 < <1
W(u+1)=W(u) forany ueR

W =0 on Z

W >0 on R\ Z

| W"(0) > 0.

We let u® be the solution to (1.1) when the initial condition u§ is a superposition of layer
solutions. The layer solution (also called the phase transition) ¢ : R — [0, 1] is the unique
solution to the standing wave equation

CnTi[o] = W'(9) in R
(1.2) $>0 in R
¢(—00) =0, d(+o0) =1, ¢(0) =3,

where Z; denotes the 1/2-Laplacian in R and where the constant C,, > 0 (given explicitly in
(3.4)) depends only on n > 2. Further discussion on ¢ will be presented in Section 3.

Let ()N, be a sequence of open subsets of R that are both smooth and bounded and
that satisfy Qf CC Qé“. The corresponding boundaries T'§ = Q) can be understood as the
initial dislocation loops in the crystal, see Figure Let d;(t,x) be the signed distance function
associated to Q, i = 1,..., N, given by

I} if QL
(1.3) di(w) = { A& To) ifw ey
—d(x,T')) otherwise.

For our initial condition to be well-prepared, we let u§ be N-fold sum of the layer solutions
¢(d;(x)/e), see Figure

We will show that the dislocation curves (I't);>o move according to their mean curvature.
Roughly speaking, I'; is the zero level set of a solution u’ to the mean curvature equation
whose initial zero level set is precisely . Then, we say that (TQi T Q) denotes the

level-set evolution of (92, 'Y, (Q24)¢) where T and ~€ are the positivity and negativity sets
of u* respectively. See Section 2 for precise definitions and details.
We now present the main result of our paper.
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Theorem 1.1. Let u® = u(t,x) be the unique solution of the reaction diffusion equation
(1.1) with the initial datum uf : R™ — [0, N] defined by

N
di X
u(z) =3¢ (i >) .
i=1
Then, as € — 0, the solutions u® satisfy

ut — N in TQN,
s =i an TN T i=1,... N1,
ut =0  in ~Qf,

where (TQ4, T4 ~QL) denotes the level-set evolution of (Q, T, (976)0)

Our result says that u® converges to integers between the dislocation curves, see Figure
However, due to the degeneracy of the mean curvature equation, the sets I'; might develop
interior and, a priori, we cannot say exactly where the jump occurs. More precisely, we say
that T does not develop interior if and only if T¢ = 9(TQ!) = 9(~Q%). In this case, the
limiting function in Theorem 1.1 satisfies

i= =1

Theorem 1.1 for N = 1 was studied by Imbert—Souganidis in the preprint [11]. When
N > 1, the nonlinearity of the potential W plays more of a role. One of the key tools for the
proof is the construction of strict sub/super solutions of the form

vF(t,2) = icb (‘””)) |

=1

where d; is the signed distance function associated to I'i. A formal argument for this choice
of barrier is presented in Section 4. The difficulty arrises in understanding v*(¢, z) when (t, x)
is far from the front T} since the signed distance function is not smooth at such points. In
[11], they use v° to interpolate between 0 (outside the curve) and 1 (inside the curve). We
found their method to be insufficient when N > 1. Instead, we replace d; with a smooth
extension of the signed distance function away from the curve. Then, we are able to use the
asymptotic properties of ¢ to show that v° is indeed a sub/super solution (see Section 5).

1.1. The Peierls—Nabarro model for loop dislocations.

1.2. Organization of paper. The rest of the paper is organized as follows. First, in Section
2, we provide the necessary background pertaining to motion by mean curvature. Section 3
contains preliminary results on the phase transition ¢ and other auxiliary results needed for
the rest of the paper. Then, in Section 4, we provide heuristics for the proof of Theorem 1.1
and for the choice of barrier. The construction of barriers is presented in Section 5. Section
6 contains the proof of Theorem 1.1. Lastly, the proofs of some auxiliary lemmas are given
in Section 7.
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2. MOTION BY MEAN CURVATURE

In this section, we introduce the geometric motions of the fronts. For a smooth function
u = u(t, x), consider the sets

tQ={(t,z) : u(xz,t) > 0}
I'={(tx):u(z,t) =0}
“Q={(t,x) : u(x,t) < 0}.
Denote the slices in ¢ of T by
T =10n ({t} xR").

and similarly for T'; and ~€;. Together, these form a set of triples (€, Ty, “Q)e>0-
Let d(t,x) denote the signed distance function associated to I':

At ) — d(z,Ty)  forxz € Ty Ut
" —=d(x,Ty) for z e Q.

Then, as theorized by Osher—Sethian [12] and justified by Evans—Spruck in [8] for viscosity
solution, the zero level sets (I';);~0 of u move with normal velocity

v(t, z, d(x, 1)) = —pAd(z,t), pn>0,
if and only if u is a solution to the following nonlinear, degenerate equation

2.1 Oyu = ptr I-%@ﬂDQU
(2.1) hu = putr ( ( ) ,

where p = p/ |p| for p € R” and ® denotes the tensor product. That is, the zero level sets of
u move according to their mean curvature if and only if u is a solution to the mean curvature
equation given in (2.1). In fact, the mean curvature equation is a geometric equation, so if
u solves (2.1), then so does ®(u) for any smooth function ® : R — R. Consequently, u is a
solution to the mean curvature equation if and only if every level set of u moves by mean
curvature.

For a bounded, open set Qg C R™, consider the triplet (Qq, o, (Q0)¢) where Ty = 9.
Let up(x) be such that

Qo ={x:ug(xr) >0} and TIy={x:up(zr)=0}.

If u is a solution to (2.1) with initial data u(0,z) = ug(x), then the zero level sets of u move
according to their mean curvature and we say that (T, Ty, ~Q4)i>0 denotes the level set
evolution of (Qo,To, (Q0)¢). Under certain conditions on Qg (such as smooth and convex),
the sets (I't);>0 do not develop interior, that is, Iy = 9(TQ) = 9(" Q). However, this is
not true in general due to the degeneracy of the mean curvature equation which is why we
cannot say anything about the jump sets I'; in Theorem 1.1.

Consider the special case in which the curves I'; are smooth and do not develop interior
for some time. Then, the signed distance function d is smooth and satisfies |[Vd| = 1 in a
neighborhood of T'; and is a solution to (2.1) on I';. Moreover, as a consequence of the strong
maximum principle (see

2.0.1. Weak solutions. Due to the underlying geometry of Theorem 1.1, it is helpful to pass
the notion of viscosity solutions of the PDE (2.1) to weak solutions of the level sets of the
solution u. We use the notion of generalized flows for the mean curvature equation presented
n [11]. Let F(p, X) be given by

F(p,X) = —ptr (I —p@D)X)
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and the lower and upper semi-continuous envelopes of F' be denoted by Fy and F™* respectively.

Definition 2.1. A family (£¢)¢>0 of open (closed) subsets of R™ is a generalized super-flow
(sub-flow) of the mean curvature equation (2.1) if for all (¢g,z¢) € (0,00) x R™, h > 0, and
for all smooth functions ¢ : (0, 00) x R” — R such that

(i) (Boundedness) There exists r > 0 such that
{(t,z) € [to,to + h] Xx R™ : @(t,x) > 0} C [to,to + h] X B(zo,r),
(ii) (Strict subsolution) There exists § = d(¢) > 0 such that
Orp + F*(Dyp, D*¢) < =6 in [to, to + h] x B(zo, ),
(Orp + Fu(Dp, D*p) > 0)
(iii) (Non-degeneracy)
Do #0 in {(t,x) € [to,to + h] x B(zo,7) : ¢(t,z) = 0},
(iv) (Initial condition)
{x € B(xg,7) : o(to,z) >0} C
({z € B(zo,7) : p(to, ) <0} CR™\ €,),
then
{x € B(zo,7) : ¢(to + hyz) >0} C Qpin
({z € B(wo,7) : p(to + h,z) <0} CR™\ Quyp).
For the interested reader, we remark that (£2¢):>0 is a generalized super-flow (sub-flow) of

(2.1) if and only if 1o, — 1 g, is a viscosity super (sub) solution of (2.1), see [2, Theorem
2.4]. For an introduction and background on viscosity solutions, see for example [4].

3. THE PHASE TRANSITION, THE CORRECTOR, AND THE AUXILIARY FUNCTIONS

In this section, we will introduce the phase transition ¢ and the corrector . Along the
way, we will also define the auxiliary functions a. and a. and exhibit their relationship with
fractional Laplacians and the mean curvature equation, respectively.

3.1. The phase transition ¢. Let ¢ be the solution to the standing wave equation (1.2).
In [3], they proved existence and uniqueness of the solution ¢. Asymptotics on the decay of
¢ were established in [13] with finer estimates in [7,10]. We summarize their results in the
next lemma. For convenience in the notation, let ¢y and « be given respectively by

(3.1) it = [[B(OPde and =20

Lemma 3.1. There is a unique solution ¢ € C>P(R) of (1.2). Moreover, there exists a
constant C' = C(¢) > 0 such that

1 C
(3.2) ’cﬁ(f) CHE) + ag‘ < iz
and
. C . C
(3.3) 66 < o OIS Kz

The following is an auxiliary lemma that allows us to view one-dimensional fractional
Laplacians of ¢ : R — R equivalently as n-dimensional fractional Laplacians.
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Lemma 3.2. For a unit vector e € S, let ¢po(x) = ¢(e-z) : R" — R. Then,
In[d)e] (.’E) =Gy [¢](6 ’ J")

where
1
3.4 C, = ————7 dy.
. Jos G
Consequently,
dz
(3.5) Cfdlle) = [ (6l-+e-2) - 6(6) e <R

Proof. Begin by writing
L) = [ (0elo+2) —0u) i = | (Gle-at o) —oem)

We claim that it is enough to prove the result for e = e;. Indeed, let T be a rotation
matrix such that Te = e; and apply the change of variables Tz = y to obtain

L) = [ (ole-a e T —ole-0) ity

= [, @ler - Tat o)~ ey Te)) ey = Talgal (7).

If Z, (e, ) (x0) = CpZi[@](e1 - xo) for any z¢ € R, then we take 29 = Tz and notice that
Lnl¢el(z) = CuThi[@l(er - Ta) = CpTa[¢](Te - Tz) = Coa[g](e - x).

Hence, the result holds.
It remains to prove the lemma for e = e;. Observe for x = (71,2') € R x R"! that

Lou)@) = [ (8or+2) - o(2) Hd+

- [t o) ([ ) da

Since
1 , 1 ,
.. G .. (o +
1 1 - C,
- |+/R WEry= AT
we have
L.[661(6) = Cu | (6l +21) = (1) ,d‘g — CuTi[6)(er - ).

To prove (3.5), fix £ € R. Let z € R™ be such that £ = e - = and simply observe that
CnZ1[0)(§) = CnTa[¢](e - @) = Inlde](x)

:/n(gzﬁ(e-x+€‘z)_¢(e'x)) |Z|dnz+1
:/n(¢(§+e~z)—¢(f))|z|df+1'
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3.2. The auxiliary functions a. and a.. Here, we will introduce two auxiliary functions
that are necessary for our analysis. Let d = d(¢,x) be a given smooth function. Define the
function function a. = a.(&;t, z,e) by

aa:/n (¢(§+€‘Z+d(t,x+€z)—d(t,az)—Vd(t,a:)-ez) —¢(§+e-z)> |Z|ciz+1’

g

where (&,t,z,e) € R x [0,00) x R" x S§™. The corresponding function a. = a.(t,z,e) is

(3.6) ac(t,x,e) = ac (&t w,e) p(8) de.

ellne| Jgn

We will be interested in a. and @. when d is the signed distance function to a front I';. In
this case, one of the main results in [11] is that a. converges to the mean curvature of d in a
neighborhood of I'y, see Lemma 3.4. However, we must take care because the signed distance
function itself is not smooth everywhere. Throughout the paper, we will use the following
smooth extension of the distance function away from I';.

Definition 3.3 (Extension of the signed distance function). Let p > 0 be such that the
signed distance function d associated to a curve I'; is smooth in

Qp = {(t,2) : |d(t,2)| < p}.

Consequently, |Vd| = 1 in Qp. We extend d(t,z) outside of Q, with a smooth, bounded
function d(t, x) satisfying

d(t,z) in Qp
p in {(¢t,z) : d(t,x) > p}
—p in {(t,z): d(t,x) < p}.

Lemma 3.4 (Lemma 4 in [11]). Let d be as in Definition 3.3. Then,

d(t, )

IN IV

lim coac(t, z,e) = pAd(t,x) = ptr ((I —Vd® @)D2d>
e—0

uniformly in (t,z,e) € Q, x S"~L.

Remark 3.5. If d is as in Definition 3.3, then since d is smooth and bounded outside of
Q,, the function a. is bounded independently of € in (t,z,e) € (0,00) x R" x S"~1 as a
consequence of the proof of [11, Lemma 4].

It is also important to notice that, morally, a. is the difference between an n-dimensional
and a 1-dimensional fractional Laplacian of ¢(d/e). This is seen in the following two lemmas.
We delay their proofs until the end of the paper (see Section 7).

Lemma 3.6 (Near the front). Let d be as in Definition 3.3. If |d(t,x)| < p, then
60 o (i vatn) oz, o (10)] 0 - cumie (142)).

3

Lemma 3.7 (Far from the front). Let d be as in Defintion 3.3. If |d(t,z)| > p, then there is
a constant C = C(n, ¢,d) > 0 such that, for any unit vector e,

(20 oo ) e ()]
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3.3. The corrector . The linearized operator £ associated to (1.2) is given by
(3.8) LY] = —CoTi[¥] + W ().

Let ¢» = ¢(&;t, x, e) be the solution to the linearized standing wave equation

£fv] = = ERR 1 9(©) eo(o - b)) + 3 (W (6(6) - W(0)) € €

l/)(ioo; t,x, 6) =0,

(3.9)

where o > 0 is a small positive constant and ¢ > 0 is such that o = W”(0)s.

Lemma 3.8. There is a unique solution 1 = 1 (&;t,x,¢e) to (3.9) such that 1, 1), ;, and D%y
are bounded independently of £,t,x, €.

Proof. The proof of existence of a unique @ € HE (R) follows exactly as in the proof of
[10, Theorem 3.2] using a Lax-Milgram argument.
Estimates on the right-hand side of the equation for .

e We consider the time derivative of a.(§;t, x, ¢):

8ta5(§;t,x,¢)=énat <¢<g+d(t’m+5?d(t’x)>—¢(€+e'2)>$

/n : <5 N d(t,x —i—e,z) —d(t, a:)) di(t,x +ez) —di(t,z) dz

¢ € ’z‘n—f—l'

Therefore,

. d
|8ta5(£;t,x,¢)| < /]Rn¢ <£+

(t,x+ez)—d(t,x)\ |de(t,x +ez) —d(t,z)| dz
: ERg

0

With a similar flavor as Lemma 3.7 for ¢, we conclude this section by stating the following
estimate for the n- and 1-dimensional fractional Laplacians of .

Lemma 3.9. There is a constant C = C(n,1,d) > 0 such that, for any (t,z) € [0,00) x R"
and any unit vector e = e(t, x),

’gzn [1/} (d(tg’ Dot el )ﬂ (@) — CoTa[th (-, 2, elt, 2))] <d(t€$)>‘ < e\,

4. HEURTISTICS

4.1. Ansatz for motion by mean curvature. We believe it is helpful to view the heuris-
tical derivation of the evolution of the fronts I' by mean curvature in Theorem 1.1. For this,
we consider the simple case of N = 2.

For the following formal computations, assume that the signed distance function d;(¢, z)
associated to I'% is smooth and that |Vd;| = 1. Moreover, we assume that there is a positive,
uniform distance p between I'} and T'7.

The ansatz for the solution to the reaction-diffusion equation (1.1) is given by

o o (B0 ¢ (B0)

Plugging the ansatz into (1.1), the left-hand side gives
- (d - (d
(4.2) O ~ ¢ (;) Oy + & <€2> Bydy.
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Up to dividing by ¢|lne|, we use the equation for ¢ (see (1.2)) and estimates on a. (see
Lemma 3.6 and Lemma 3.7) to write the right-hand side of (1.1) for the ansatz as

(§§>[ - W (u®
(2] (‘?)} w{e(2)+(2))
= (oo (2)] -emr (2)) + (= [2(2)] - mia (2))
romi(2) el (2) - (s(2) +0(2))
woe(2) v () o (o(2)) o (o(2)) - (o(2) +2(2))
Freeze a point (¢, ) near the front T'}. Let ¢ = dy(t,x)/e and assume separation of scales.
That is, assume that ¢ and (t, ) are unrelated. In this regard, let n = |d2(t, )| > p, so that

n~! is bounded. Since the ansatz u® is a solution to (1.1), we can multiply the equation by
by ¢(£) and integrate over £ € R to write

(4.4) /R Qs dE ~ /R (eZou® — W' (uf)) (&) de.

1
¢llne|

For convenience, we will consider the left and right-hand sides separately again.
First, the left-hand side of (4.4) with (4.2) gives

/ et §(€) dé ~ Oyd (t, ) / [ ()]? dé + B(n)Dyda(t, z) / o(€) d¢
R R R
-1 082
= ¢ 8td1 (t, LU) + ?815612(@ $)
~ calatdl (t,z),

where we used (3.1), (1.2), and the asymptotics on ¢ (see (3.3)).
Next, we look at the right-hand side of (4.4) with (4.3). First, using that (1.2) and that
W is periodic, we have

ine] RW (¢(8)) #(£) d§ = cTine] Jp d Jd¢

- \1115 W(1) — W(0)] = 0.

Next, we use the asymptotics and properties of ¢ (see (1.2), (3.2)) and Taylor expand W’
around the origin to estimate

|ln5| /¢ Jde =2 | w(o(2)-#(2))

= uid (worswro) (o (2) -#(2)))

1 oce
ellnel n
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For the remaining W’ term, we Taylor expand around ¢(£) and use similar estimates to
obtain
/r] .
¢(2)) () de

= g [V (p©+ 0 (2) -1 (1)) 0rd
,ﬁlg, / W@ W e (o(Z) - H(?))} o) de

ung, T 5,( (g) 17 (2)) [ Wi a

1 Ce d , /
=0+ s /dg[w (6 (€N} = i [W'(1) = W(0)] = 0.

Lastly, for the nonlocal terms, we first use Corollary 7.1 to justify that

e () [po k=0

and then Lemma 3.4 to conclude that

1
ey e @66 ae

= Gt z) ~ gl ptr ((I —Vdi(t,2) © Vdi (L, z)) D2 (t, x)) .

ellne|

P(§) d§ +

Combing all these pieces, we conclude that (4.4) for the ansatz gives
10y (t, ) = peg tr ((1 Vdi(t,z) ® Vdy (t,2))D%dy (t, x))

The computation for (¢,z) frozen near I'? is similar. We conclude that the fronts move
according to their mean curvature:

—

Bydy(t,x) = ptr (I — Vdy (£, ) @ Vdy(t,2))D?dy (t,z)) near T'}
Oda(t,x) ~ ptr ( (I — V@(?x) ® VE(?&;))Dng(t, r)) mnear I'Z.

4.2. Ansatz for corrector. One of the key ingredients in proving Theorem 1.1 is the con-
struction of strict subsolutions (supersolutions), denoted by v® = v*(¢,x). For this, it is
necessary to add a small corrector ¢ to the ansatz in (4.1). In order to showcase the equa-
tion for v, we will consider the simplest case in which N = 1 and assume that d(¢, x) = d; (¢, x)
is smooth with |Vd| = 1 and satisfies

(4.5) Oid = pAd — coo ~ cpac(t, x) — coo.

To find the corrector v for the barrier, we consider the ansatz

v (t,7) ~ <d<t&j‘”>> +eflne| e <d(tg"”)) —c[lnel5,

where the function 1 is to be determined and & > 0 is a small, given constant. Assume for
now that ¢ is smooth and bounded with bounded derivative.
Since v is a supersolution to (1.1), then heuristically, there is a o > 0 such that

(4.6) e = (eZ,v° — W'(v°)) — 0.

ellnel
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Plugging the ansatz into (4.6), the left-hand side gives

(4.7) £00° ~ ¢ (g) Oid + ¢ |Ine| ¥ <Zl> opd ~ & (j) Od

where we use that ¢ and 0,d are bounded. Next, we look at the right-hand side of (4.6) for
the ansatz. First, we use the equation for ¢ (see (1.2)) and estimates on a. (see Lemmas 3.6,
3.7, 3.9) to find that

s S b ()
() e
o ()] o (2) v <>
()t (0 (9) v (9.

On the other hand, we do a Taylor expansion for W’ around ¢(d/c) to estimate
(4.9)

= g (o () e ( () (- (2)]
-t () () (e () -]

Equating (4.7) with (4.8) and (4.9), the equation for the ansatz gives

(e ghe(?) o)
(o) (B (o (2)
Rearranging and using (4.5), we have
e (8w (6(2)) (9
e () (e (o (2)
e () (s (2) v (o)) o

We let 1 be the solution to this equation. In particular, let £ be the linearized operator in
(3.8). Then, that corrector v satisfies the equation

(4.11) £ (d(tj)> B 5|125\“5 (d(t;x)) -9 <d(tf>) cotie(t, )

+ oo (‘@) +ew” <¢> (d(tj)» — o,

as desired. See (3.9) with o = W"(0)5.

N————

)+ a9

\/4-

12
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In order to check the validity equation (4.11), at least formally, we freeze a point (¢,x)
near I'}. Let £ = d(t,x)/e and assume separation of scales. We multiply both sides of (4.11)
by ¢(£) and integrate over R to write

‘éﬂM@W@M&=A<d;$%@—¢@wwa0é@ﬂf
+ [ (oo () + 6w (0(0) ~ o) (6) ds.

Since 7 is self-adjoint and ¢ satisfies (1.2), the left-hand side of the equation gives
[ £wlide = [ (~Cumi) + W ()9) v e

/ dg( CoTh[g) + W' (¢)) v dé = 0.

To show that the right-hand side is also zero, we first use the definitions of a. and ¢y to find

/R <€ |111€|a5 (&) — ¢(§) coag(t,m))é(ﬁ) d§ = 5|11ng| /Ra6 (f)¢(§) dé —a.(t,z) = 0.

Then, we use that W' is periodic to find that

/ W ($(£)) H(€) d€ = 5’/ (Z[W' (@(E))]ds = a[W'(1) = W'(0)] =0
R R

and the definition of ¢y to see that

/R <coJ<l'5(§) - U) $(¢) d§ = COO’/R[(;'S(g)Pdf —0=0,

as desired.

Remark 4.1. Notice that ¢ depends on the distance function d(t,z). Hence, when N > 1,
we have a finite sequence of correctors, denoted by 1,...,9n, depending on the signed
distance function d;(t,x) to the front I';, i =1,..., N.

Remark 4.2. To see that o = W”(0)5, assume that d(t,z) << —1 and ¢ = 0. Then,
(t,z) € ~Qf is far from the front T} which implies ¢(d(t,z)/e) ~ 0 and a.((t,x)/e) ~ 0
(which is a consequence of Corollary 7.1). Therefore, in (4.10), we have

0~0+46W"(0)—o.
5. CONSTRUCTION OF BARRIERS

The main challenge in proving Theorem 1.1 is the construction of strict subsolutions (su-
persolutions) to (1.1). In particular, we will use barriers to prove that a sequence of sets
are generalized super(sub)-flows. We will focus on the construction of subsolutions as the
construction of supersolutions is similar.

Let @i(t,z), i = 1,..., N, be smooth functions satisfying (i), (i), (i) in Definition 2.1.
Moreover, we assume that
(5.1) {(t,z) : pir1(t,x) >0} cC {(t,z) : p;(t,x) >0} fori=1,...,N —1.

Let d;(t,x) be the signed distance function associated to {z : ¢;(t,z) > 0}. Then, we
can denote the zero level set of ¢; by T'i = {z : d;i(t,x) = 0}. As a consequence of (i) in
Definition 2.1, there is a p > 0 such that d;(¢, z) is smooth in the set

Q) = {(t.x) : |di(t,2)| < p}
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and ]ch =1in Qz. Moreover, by (5.1), and perhaps making p smaller, we can assume that
Qﬁ, N Qj = () for ¢ # j. Let d; be a smooth, bounded extension of d; as defined in Definition
3.3. Similarly, let e;(t,z) € S" be such that e;(t,r) = Vd;(t,z) in @}, and is smooth and
bounded outside of Q.

As a consequence of (ii) in Definition 2.1, for o > 0 sufficiently small,

(5.2) Oyd; < putr ((I V4 @ @)DQdi) —cpo = pAd; — oo in Q.

Let ¢ > 0 be such that o = W”(0)¢. Then, we define smooth barrier v¢(¢, z) by

(5.3) v (t ) Z¢< )+5|ln€|zwl<e)c};t,x7ei(t,x)>—&5|ln5|.

Lemma 5.1. For sufficiently small €, v° is a strict subsolution to

4 = T[of] = W () < —2.
(5.4) £0yv Tne] (eZn[v?] = W' (v7)) < 5
Moreover, for e sufficiently small, v¢ satisfies
(5.5) — 26¢ [Ine| < v°(t, x) Zn{d (t35/2 () < ——5 Ine|.

Proof. We will break the proof into four main steps. First, we estimate the equation for
ve(t,x) for any (t,z). Then, we will show that v°(t,x) satisfies (5.4) when (¢, ) is near a
front Fi‘) and then when (t,2) is far from all fronts T, i = 1,..., N. Lastly, we establish
(5.5) for all (¢,x).

For convenience, we use the following notation throughout the proof.

b (di(t,x) —a>

g
i =Y d(tw >
di(t,

(5.6) a e ) (0 )

a. :=a. (t,x e,,)

(M=
o (M)

S%:
Il
RN

= ae

b= e, [qf)( ( ) = ﬂ(a;) CIﬂ](W).

We note that it will be important for the reader to remember the dependence of v; and a.
on the variables t, x, e as well as £ = d;(t, z).

m

Step 1. Computation for v*(¢,x) in (1.1) for an arbitrary (¢, z) € [0, 00) x R™.

First, the time derivative of v¢ at (¢, x) is given by

07 ( Z@at (t :L‘)—l—es]lns\z (100)eBrdi(t, ) + (Vi)e + £(1b;) Ores(t, )] .
=1

=1
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Since
N .
e = qui Od;i(t,z) + O(e |lng|).
i=1
Next, we consider the nonlocal term. For each i = 1,..., N, we use that ¢ satisfies (1.2)
to find

T, [0l(0) = Tlol(o) - Cuilo] (“ED 2T ) w0,
Also, using that v satisfies (3.9) and Lemma 3.9, we find that
<L, [0](0) = <L luil(o) - Cutafu] (“D=T) gy (MDY v

=0('?) - at + dico (al — o) — & (W’ (¢:) — W (0)) + W (¢;) .

e lnel
Therefore, the 1/2-Laplacian of v® can be written as
N

<Z,[)(0) = Y. [eZafod(o) - Cutifel

i=1

AEDZTY w60

N
c 1 i . —q
+¢e|lnel Z [(’)(51/2) BT + ¢ico (@t — o)
i=1

G (W (1) — W(0)) + W () wz-] |

Recall the definitions of ¢; and b introduced in (5.6). Since W' is periodic, we have that
W!(¢i) = W'(¢i) and similarly for W"(¢;) = W"(¢;). Using this, rearranging, and utilizing
the notation b., we can equivalently write

N
STafv)(@) = Y |0 —ad) + W (61)]
i=1
N ~ . . ~
+elinel 3 [0 + W Bu+ b (ot = o) - (W73 - W) |.
i=1
Then, the equation for v¢ at (¢, x) can be written as

Eqn(v®) := e (t, x) — (eZn[v® (¢, )](z) — W (v°(t, 2)))

¢ |lne|

=O(e|lne|) + Z Gi0id;(t, x)

+ene] i O+ W@+ i (0L = o) = 7 (W(6) ~ W70)) |

N N
- W (ZQBZ +5’1n5|z¢i — &5\1115\) }

i=1 =1
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Grouping the error terms, the é; terms, and the nonlinear terms together, we have

Eqn(vf) = O(e [Ing|) + O(eY/?)

N ' N )
D (B —a2) + 3 i [Budi(t,2) - eo (a2 — )]
=1

=1

N
1 , - i
+€|h’15‘{W ( 1¢-+€|ln€| i:£1¢i—0'6|1n€|>

(W'(60) + e lmel [W(Go)s — & (W"(8) - W' @)]) }

\lnf-:

'MZ ﬁMz

I
—

]

Fix an index ip € {1,...,N}. For the remainder of Step 1, we will conveniently isolate
every term indexed with i to help with Step 2. First, we do a Taylor expansion for w’
around ¢;, to obtain

N N
W’(ZQN% +el|lnel Zwi — G¢ ]1n5|>
i=1 i=1
= W’(gbm W” d)zo (Z Qi+ ¢ |1n€‘ Zlf}@ — o€ 1115)

i#ig
2
+0 Z¢Z+€‘ln5’2¢z—05]lna|
Gl
By
2 ~
1 O Z +ell Z el _ZO (3:)? ol e
8|1n5’ bi E’H€| V5 O'E|n5| — |1 | ( ‘115‘ .
e 1740
Hence, we have that
Ban(v) = O(c <)) + 0(2) + Y 0 ({87
qn(’U )_ (E‘H€|)—|— (5 )+Z 8‘1118’
iio
AR A |
¢ |lng| Z;(blﬁ —ag) + z; i [0pdi(t, ) — co (al — o) ]
1
+€|1115|{W/(¢ZO +W/I ¢zo Z¢Z+E|ln£‘zwz_08‘ln€’
i#ig

_ (W'(@O) +engl [W"(@Bio)ﬂ}io —0 (Wﬂ(gg’io) - W”(O))D

=3 (W) + e el W) — & (W'(d) - W'(0))]) }

i#i0
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where in the last two lines we extracted the g term. Cancelling the W’(¢;,) and W” (s, )14,
terms then distributing 1/(e|lne|), we simplify to

Eqn(v®) = O(e|lne|) + O(e 1/2 +Z <(<l~5 )2>

#Zo IIne|

sz—a +Z¢Z Ot tx)—co(a —a)]
=1

]1n€|

+ () (Z - ﬁ'd + D Wi - &) +6 (W"(&i) = W"(0))

W' (; . _ -
i#10
Next, we do a Taylor expansion for W’ around 0 and recall that W’ (0) = 0 to write
W' (i) = W'(0) + W (0)éi + O((6:)*) = W"(0)di + O(()?)-
With this, we now have that

Equ(v®) = O(c [lne]) + OE?) + ) 0 < (6 )2>

z;«ézo [Inel

Zbl—a +Z¢Z (975 ta:)—co(a —J)]

]ln£|

+ W”((lgio) (Z - ’1n€|

W// - _ ~
- [ + W (i)t — (W,/(¢i) - W”(O))] :
1#ig
We rearrange to group the terms with W”(¢;,) — W”(0) together

Eqn(v®) = O(c|lne) + O(e'?) + Y O ( (61)° )

iz £ lnel
AL A |

4 (W)~ W0)) 3 =2 — w0
i#ig

e |lne|

+3 i - a) +6 (W) = W"(0))

1#£ig

+ 32 (W) = W) i+ 5 (W) - W' (@)]
i#io
Looking at the last line, we Taylor expand W around 0 to find, for i # g,
(W (Jig) = W (&)hs +6 (W'(3:) = W'(0)) = O() =& (W (0)ds + O(61)?)
= 0(¥y) + O()
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and also
W”(ggio) - W”(O) = W”/(O)ggio + O((QBZO)Q) = O(Q’;ZO)

Therefore, we have

Eqn(v®) = O(e [Ine|) + O('/?) + Z

o ( (¢:)° ) +O(¢i) + O(¥y)

iz ¢ |lne|
XN X |
_ m ;(bé —ag) + ; b [&tdi(t,x) — ¢ (@; _ U)]
+O@m§:dﬁd_

iig

where we also used that o = W”(0). Since d is smooth, with Remark 3.5 we have that

Od; — codé + cgo is bounded independently of . Hence, we conclude that
(5.7)

Eqn(vf) = O(e [Ine|) + O(="?) + ) <O < (6:)” ) +O(¢) + O(di) + O(1h;) + O@io)g’i)

Z g|lnel gllne|

N
Z(bé - aze) + d)io [atdio (t7 1’) - Co(a? - U)] -0

i=1

1
£ |lnel

Step 2. v°(t, ) satisfies (5.4) when (t,z) is near the front T'°.

Assume that |d;, (t,z) — 0| < |In 5|_1/2 for some index 1 < ig < N. Then, for ¢ sufficiently
small,

|di(t,x) — 0| > Ine| ™Y for all i # i.

We begin by estimating the error terms in (5.7) for i # ig. First, we use (3.2) to estimate

- di(t,z) — o di(t,z) — o € c
o = fo (DT ) (ML) o e
SR CL 2
T di(t,z) — o) aldi(t,x) — o]
e |lne|t/?

< Ce?|lne| +
= O(e [ne|"?),

from which it follows that

(5.8) 9 _ olne2) and 197 < o)
ellne| — ellnel —
Next, we use (3.3) to find that
' 2
(5.9 bl < s < O Ime))

[ —
= di(t,z) — ol
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By Lemma [estimates on ], O(1);) = o(1). Combining the above estimates in view of (5.7),
we have

> (0 ( (0:) ) 1 O(G:) +O(dn) + O + (‘5"0)@)

= Iln | gllne|

< O(e) + O(e[nel'/?) + O(e? [Ine|) + o(1) + O(|lne| /%)
To check the mean curvature term, we use that qz'Sl-O >0, (5.2), and Lemma 3.4 to estimate
¢Zo [at 10 (t '73) - CO( )] ¢Zo ([at 10 (t .’L‘) ﬂAdio (t7x) + COU] + [:U'Adio (tvx) - Coééo])

< 61, (0 +0(1)) = o(1).
Lastly, by Lemma 3.6 and Lemma 3.7,

[ 1
i il i i
5|1n6|;’b5 CLE’_5|hr16|z:‘b€ |

. -1/2
“ndz |71/2—(9(|1n5| ).

(5.10)

Consequently, in (5.7), we have that
Eqn(v°) < O(e [Inel) + O(/?)
+ O(e) + O(e InelY?) + O(e? |Ine|) 4 o(1) + O(|lne| /%) — 0.
Taking ¢ sufficiently small, (5.3) holds.
Step 3. v°(t, z) satisfies (5.4) when (¢,z) is away from all fronts I';.
Assume that for alli=1,..., N,
|di(t,2) — o] > [Ine| /2.

Then, estimating ¢;, exactly as in (5.9) and using Remark 3.5 to note that d;d;, — coa™® + coo
is bounded, we find that

gf)io (atdio (t,x) — CO&? + coo)‘ < (’)(52 [lnel).
With this, (5.8), and (5.10) (without dropping the i = ip term), we have that (5.7) gives
Eqn(v°) < O(e [Inel) + O(/?)
+O(e) + O(e InelY?) + 02 |Ine|) + o(1) + O(Jlne| %) — 0.
Taking e sufficiently small, (5.3) holds.
Step 4. v°(t, x) satisfies (5.5).

It is enough to show v° satisfies the following.
(1) In the set {dn(t,z) > 7 /2}:

N —26¢|lne| <v° < N — %5|1n5\.

(2) In the set {d;4+1(t,x) < /2 <d;(t,z)} fori=1,...,N —1:

i —26¢|lne| <v® <i-— %5\1115].
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(3) In the set {di(t,z) < 7/2}:

—26¢|lne| < v, < —%5 Inel.

We begin with (2). For a fixed 1 < igp < N — 1, let (,2) be such that d;,41(t,z) < § <
d;,(t,x). Note that
1 2
—————— < = forallig+1<i<N.
di(t,az)—&<& orallig+1<1<
Then, by (3.2) and [estimate for 1], for € small we have
(5.11)
N - N
di(t,z) — & .
“(t,z) = —_l 1 ; — oell
ve(t, ) ;qb( 5 )+5|n5|zw ge|lnel
—Zd)( ) Z ¢< >+€|1n€\2(91/}1 —ge|lneg|
i=19+1 =1
0 al € Ce?
< 1 0— 1 O(;) —ael
=2 +Z+< e R ) “'“5‘21 () = 6 inel
i= i=1g 7
N - 2 N
<ip+ ( ) +e|lne| Y O(t;) — e |lng|
2 \aem "G 2
<ig— 5¢ IInel.
On the other hand,
1 2
di(t,x) —6 — &
Hence, for € small, we similarly estimate from below using that ¢ > 0 to find
(5.12)
N - N
di(t,z) — & .
“(t,z) = —_ 1 i — el
ve(t, x) ;qS( . >+€]n5|zw ge |lne|
io dit,z
—Z(Z)() Z qﬁ( )—i—s\lne\Z(’)wz —o¢e|lneg|
=1 i=19+1 i=1
0 € Ce?
> 1-— - 1 i) — el
_Z;< a(d;(t,z) — 5) (di(t,z) — ) Z’_10+E|D€‘ZO¢ oe|lne|
1= i=1g

. 0 € Ce?
220—1—;(@(&/2) G2 >+5ln5|2(9 ;) — o€ |Ine|

> ig — 20¢|lng|.

We now look at (1). Let (¢, ) be such that dy (¢, z) >
for 7], and taking e sufficiently small,

. di(t,z) — & al _
v (t,x) = Z(b <€> +ellne| Z@Z)i — e |lne]
‘ i=1

. Then, using that ¢ < 1, [estimate

[N]IST
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N N
< l+ellne Y O(y) — be [lnel
i=1 =1

< N—%s\lnd.

On the other hand, since d;(t,z) > /2 for all 1 <i < N, we have

1 2
————>=->0 foralll<i<N.
di(t,x)—a o

Estimating as in (5.12), we find that, for € small,
v(t,x) > N — 26¢|ln¢|.

Finally, we show (3). Let (t,2) be such that di (¢, ) < §. Note that

1 2
—————— < < foralll1<i<N.
di(t,x)—5<5 or a <1<

Estimating as in (5.11) for sufficiently small €, we get

v (t,x) <0 — %5 Inel.

On the other hand, using that ¢ > 0, for £ small,
N . N
di(t,x) —
Vit T) = z;¢ <1(’?0> +e|lne| z;ipi — ge|lng|
1= 1=

N N
>3 0+eflne] > O@y) — elinel
=1 =1

> —26¢|lne|.

This completes the proof.

6. PROOF OF THEOREM 1.1

We apply an adaptation of the abstract method introduced in [2], see also [1].
We define the families of open sets (D*)Y, and (E¥)Y | by

£

D' =Tnt{ (t,x) € (0,00) x R : liminf,—— >0% ¢ (0,00) x R"
=0 ¢llng|

) E—(1—1
E' =1Int {(t,x) € (0,00) x R™: limsup*w
c—s0 e |lng|

< 0} C (0,00) x R™.

To define the traces of D' and E’, we first define the functions K,T :(0,00) x R™ — [—1,1],

respectively, by
XZ = ]lDi — ]l(Di)C and Xz = ]l(El)C — ]lEi-

Since D" is open, " is lower semicontinuous, and since (E;)¢ is closed, X" is upper semicon-

tinuous. To ensure that }* and x* remain lower and upper semicontinuous, respectively, at

t =0, we set

Xi((),x) = liminf x%(t,y) and X'(0,z) = limsup X'(t,y).

t=0, y—=z— t—0, y—z



MULTIPLE INTERPHASES FOR FRACTIONAL ALLEN-CAHN EQUATION 21

Define the traces D and Ej by
Dy={z eR":x'(0,z) =1} and Ej={ze€R":Y'(0,z) = —1}.
To apply the abstract method, we need the following propositions. We delay their proofs.
Proposition 6.1 (Initialization). For eachi=1,..., N,
Q) c D}y and (ﬁé)c C Ej.
Proposition 6.27(Pr0pagation). For each i = 1,...,N, the set D' is a generalized super-
flow, and the set E' is a generalized sub-flow.
For t > 0, define the sets D! and E} by
Di=D'n({t} xR") and E;=E"n({t} xR").
By the abstract method (see [1,2]), it follows from Propositions 6.1 and 6.2 that
TQLcDicTOIUT, and QI C Ej C QLUTL.
The conclusion readily follows; we provide the details for completeness.
First, since TQ¢ C D}, we use the definition of D} to see that

(6.1) liminf ,uf(t,z) > i for z € TQL
e—0
Using that *Qiﬂ C EZH, we similarly get
(6.2) lim sgp*ue(t,a:) <(i+1)—1=4i forxze QL
E—>

Therefore, fori =1,...,N — 1,
lim u®(t,x) =i in TQiN QL
e—0

Next, by the comparison principle, 0 < u® < N. Consequently,

0 <liminf,u®* and limsup.,u® < N.
e—=0 e—0

Hence, together with (6.1) we have
lim uf(t,z) = N in TQY,
e—0
and with (6.2) we have
lim u®(¢t,x) =0 in ~Q;.
lim u(t,) =0 in 0}
It remains to prove Propositions 6.1 and 6.2. We begin with the initialization.

6.1. Proof of Proposition 6.1.

Proof. We will prove that Qéo - Déﬂ for all 1 <ip < N. The proof of (ﬁéo)c C Eéo is similar.
Fix ig, a point zo € €}, and a small constant & > 0. To prove that zy € Dy, it is enough
to show that, for all (¢, ) in a neighborhood of (0, z),
3 t . a
liminf, G~
e=0 e|lnel

For this, we will use (5.3) to construct a suitable subsolution v* < u*, depending on &.

We begin by defining smooth functions ¢; for each i = 1,...,i¢ that satisfy conditions
(i), (i), (17i) in Definition 2.1. For this, we first let r; > 0 be given by

ri:di(azo)—%, i=1,... i,
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where d; is given in (1.3). Note that By, (z¢) CC Q) and r; — rip1 = di() — diy1(wo) >
d(Fg,Fgﬂ). Define the smooth functions p;(x), i = 1,..., g, by

pilt,z) = (r; — Ct)% — |z — x0|?

for a large constant C' > 0, to be determined. It is easy to check that the signed distance
function d;(t, ) associated to {z : ¢;(¢t,z) > 0} is

(6.3) di(t,z) =r; — Ct — |x — mo|

and that

{(t, ) : i(t, z) > 0} = | J{t} x Br,—cu(o).

>0
Hence, (i) in Definition 2.1 is satisfied. Next, we see that

Vi(t,z) = (—=2C(r; — Ct), —2(x — x0))
and, for t < r;,/(2C), we have
Opi — ptr ((—7 ~ Vo ® V/x\%)Dg%) =—2C(r; = Ct) +2u(n — 1)
—2C(riy — Ct) +2u(n —1)
—Criy +2u(n—1)

—Co0o

VAN VAR VAN

for C' > 0 sufficiently large. Hence, (i1), (i) in Definition 2.1 are satisfied.

Let p and d; be such that d; is a smooth, bounded extension of Ji outside of QZ as in
Definition 3.3. Similarly, let e;(¢,z) € S™ be such that e;(t,z) = Vd;(t,z) in Q) and is
smooth and bounded outside of @),. Let v® = v*(t, ) be given by

O (di(tz) — 6 0 di(t,z) — &
“(tz) = ——— 1 i | —————t,x,e; | —Ge|lnel.

ve(t, o) ;¢< 8 )—i—s\ne\;w( 5 me) ge |lng|
By Lemma 5.1 (with N = ig), we have that v° is a subsolution to (5.4) in [0, r;,/(2C)] x R™.

We claim that v° < «° in a neighborhood N (0, z¢) C {d;,(¢t,z) > &/2}. Let = be such that
di,(0,z) > /2. Then d;(x) > & /2 for all i =1,...,14p, and we use (3.2) to estimate

w(0,2) 2 gzqu ()

=1
io 2
2e 4Ce
> 1— = -
S (1)
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for e sufficiently small. For each 1 <1 < iy, we can similarly show that
ut(0,2) >0 — %a lng| in {x 1 d;(0,2) > g} ]

On the other hand, when d;(0,z) < %, we simply have

. al d;(z) o
u®(0, ) :Z¢<5> >0 > —§5|1n5\.
i=1

Therefore, by the second inequality in (5.5), we have

io
o
u®(0,2) > Z Lyg,0,)>5/2} () — 5¢ llne| > v°(0, z).
i=1

By the comparison principle, the claim holds. Consequently, by the first inequality in (5.5),
we have

e (¢ o (¢t s
timinf, D =10 5 e CED 0 5 o5 A0, 20).
e—0 ¢llne| e—0 e |lnel
Letting ¢ — 0, the result follows. O

6.2. Proof of Proposition 6.2.

Proof. Fix 1 < ig < N. We will show that D% is a generalized super-flow. The proof that
E'o is a generalized sub-flow is similar.

Let (to,z0) € (0,00) x R™, h > 0, and ¢;, be a smooth function satisfying (7)-(iv) in
Definition 2.1. For i = 1,...,ig — 1, define the smooth functions ¢; : [tg, to + h] x R™ — R by

10— ¢
(;Dl(tax) = (;Dio (ta IE) + Co < .0 ) )

’Lo—l

where ¢g > 0 is a small constant. Since the mean curvature equation is geometric, ¢; satisfies
(ii) in Definition 2.1. Notice that

{(t, ac) S [to,to—i—h]an : (pi(t,x) > 0} = {(t, .%') S [to,to—i—h]XRn : (pio(t,m) > —C <Z§: i) }

Since ¢;, is smooth, we can take ¢o sufficiently small to guarantee that ¢;, i =1,...,i — 1,
also satisfies (%), (i) in Definition 2.1. Moreover, (5.1) holds. Lastly, since D* CC D7 for all
1 < j, we have that

{x € B(x,r) : pi(to,z) > 0} = {:17 € B(x,7) : piy(to, ) > —co <;§ — ;) } C Dy,

by making ¢y smaller, if necessary. Therefore, ¢; also satisfies (iv) in Definition 2.1.

Let d;(t, z) be the signed distance function associated to {(t,z) : ¢;(t,2) > 0}. Let p and
d; be such that d; is a smooth, bounded extension of JZ outside of QZ as in Definition 3.3.
Similarly, let e;(t, z) € S" be such that e;(t,z) = Vd;(t,z) in @}, and is smooth and bounded
outside of Q.

By the initial condition (iv), we have that

, . us(te, ) —i
{x : di(to, ) > 0} = {x : p;(to, ) > 0} C Dy, = {:v : hrgrg(r)lf*w > 0} .



24 STEFANIA PATRIZI AND M. VAUGHAN
Therefore,

St —
{z:d;(tg,z) > &/2} C {l‘ : ligglf*% > 0},

which further gives that

u(tg,x) > i — %8 lne| in {x:d;(to,x) > 7/2}.

In particular,

%0
g
ua(to,x) > Z ]l{di(t()’.)zg/g}(x) — 56 |1n €| .
=1

Let v¢ = v*(t,x) be given by

9 (di(t,e) — 6 O (dit,x) — 5
v (t, ) = Z¢ ((’Z)U> +e|lne| Zwi <(’Z)U;t,x,ei> —oellnel.
i=1 i=1

By Lemma 5.1, we have that v° is a subsolution to (5.4) in [to, %o + h] x R™. Moreover, by
the second inequality in (5.5), we have that

10 ~
us(to, ) > z; Ly, (t0,)25/2) (%) — %5 Ine| > v°(to, ).
1=
By the comparison principle, u® > v on [tg, o + h] x R™. By the first inequality in (5.5),
we have that
us(to + h,z) —i _ v*(tg + h,z) —1
e |lne| - ellne|

> —2¢ in {d;(to + h,x) > & /2}.

Taking ¢ — 0, it follows that

€ h o
{x:goi(to—i-h,ac)20}:{:p:di(t0+h,$)ZO}C{x:limiélf*u (to + 1, ) 220}.
E—>

e |lng|

as desired. 0

7. APPENDIX

In this section, we prove the estimates stated in Section 3.
First, we will prove Lemmas 3.6 and 3.7. That is, we will establish the relationship between
a. and fractional Laplacians of ¢. It will be convenience to first split a. into two terms

aE:/n <¢ (§+6_Z+d(t,x+ez)—d(t,az)—w(t,x).gz> ¢<f))|z|df+1

13
(7.1) .

- [ e o)

where, by Lemma 3.2, the second integral is exactly C,Z;[¢](&).
Proof of Lemma 3.6. From (7.1) with £ = d(t,z)/e and e = Vd(t,x), we write

ac <d(t€’ 2t vd(t, :z:)>

:/n <¢ <W> _¢<d(t;a?)>) |z|ciz+1 e (d(tg,x))
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cof (oM ) g (M) o (100)
= o (T27)) e -mia ()

Proof of Lemma 3.7. Recalling (7.1), we want to estimate

Qe (d(tj);t,x,e> - [Efn {¢ (d(i)ﬂ (z) — CnZa[4) (Cl(ix)ﬂ
:/n <¢> (d(t,x+5z)+(€€—Vd(t,w))'52) iy <d(t6,x)>> ’z?zﬂ .1 [¢ (d(tgf))} (z)

:/n <¢ <d(t,a:+5z)+(i— Vd(t,a:))-az> _¢<d(t,m€+ sz))> |ZT£12+1'

Let 0 < § < 1 be a small constant, to be determined. We split the integral into two pieces

I /|Z|<5p/E <¢ (d(t,ac +e2) + (Z— Vd(t, x)) -ez> s (W)

77— /|Z|>5p/6 (¢ (d(t,x—i—ez) + (65_ Vd(t, x)) -ez> _é (d(t, x;- ez)>> Z‘Ciil-

For the long-range interactions, we simply estimate

dz Ce

T / A= Ce
= Jiesapse |2 dp

where C'= C(n, ¢). Consider the short-range interactions in I. For each |z| < dp/e, there is
a 0 <71 <1 such that

¢<d(t’“52) (e - Vd(t,z)) z> — (Cl(tx“z)) _ 4 <d<t‘”€z)> (e — Vd(t,2)) - 2

9 9 9

=5 (M St <) eVt

For all 0 <7 <1 and |z| < dp/e, we notice that

7|(e — Vd(t, x)) - 2| < |e — Vd(t, z)| %p-
and

‘d(t,x—i—sz) . |d(t, z)| 2> P - op _ 1-0)2

€ € € €

Consequently,
ML | e Va0) -+ 2 [MTEE e - ) -+
> (1-8)F —Je - Vd(t,2) %p
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when we choose § = (e, d) to be
1 1
21+ |e—Vd(t,z)|
Note that |e — Vd(t,z)| < 1+ |d(t,x)| implies that
1
<H <
22+ |Vd(t,z)]) = ~

In particular, § can be bounded from above and below independently of e. By (3.3), we have

- (d(t,r + e2) C Ce?
<€ + 7(e — Vd(t,z)) - z>

5 =

l\.')\r—l

sup

$ <=
0<r<1

= 3
(7d(t ohez) | T(e — Vd(t,x)) - ) P

We can now estimate

’¢( tx+5z) —i—(e—Vd(t,x))-z) _é(d(t,az—kaz)) _(é(d(t,x—ksz))(e_Vd(tjw)).Z

€

é<W+T(e—v¢z(tm )‘ (e — Vd(t,2)) - 2|?

< (e —Vd(t,z)) - 2|?

< C;5(1 V(22 |22

Finally, we estimate the short-range interactions,

2
NS [ et =S () <ot
P Jzl<sp/e || p 3 p

Combing the estimates, we conclude that

1)+ |I1] < c<5+> <cos,
op p

which completes the proof. O

The following corollary is used to justify some of the formal computations in Section 4.

Corollary 7.1. Let d be as in Definition 3.3. If |d(t,z)| > p, then there is a constant
C =C(n,¢,d) >0 such that, for any unit vector e,

d(t,x) Ce
Qe ityxrye || < —.
€ p

Proof. By Lemma 3.7, we have that
(B () (2
d(t, )
[( ]| el (F2)

n
e ) (22

Using the same techniques as in the proof of Lemma 3.7, we can show that both fractional
Laplacian terms are controlled by £/p. O

Neo-ema (%2)]
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The next lemma is a more general estimate on a. which is used to establish properties of
2/
.

Lemma 7.2. There is a constant C = C(n, ¢,d) > 0 such that
lac (& t,,€)| < Ce'/2.

Proof. Begin by writing
d(t,x+¢ez) —d(t,x) — Vd(t,x) - ez dz
aaz/ <¢<§+e-z+ ( ) t,2) t,2) )—c/)(é—i—e'z))nﬂ
|z|<1/e1/2 € H

' d(t,z +ez) —d(t,x) — Vd(t,z) ez ‘ dz
+ /|Z>1/€1/2 ((b (§ +e-z+ 5 > p(E+e z)) 7|z|”+1

=1+41I.

For the long-range interactions,

dz
<ol [ = cel
|2>1/e1/2 |2]

For the short range interactions, we use the mean value theorem and Taylor’s theorem to
estimate

<l [ brrezdbo) = Vi) e &
B |z|<1/e1/? € ’Z‘n-i-l
] dz
< |¢]leo || D?d / e
19lle | D*d]| e o
Ce 1/2
:ﬁ:CE .
The conclusion follows. O

We end the paper with the proof of Lemma 3.9 for v. if we need it...

Proof of Lemma 3.9. For convenience, we drop the ¢ notation. We begin by using Lemma
3.2 for ¢ and a change of variables to write a single integral expression

7. v (d(t’ . ,e<t,->)] () - il (it o) (122
_ <¢(d )iwtye (x-l—y)) w(@;x,e@))) fiil
<¢<d ~z;m,e(m)) < :
< (d x+y,e(w+y)) < ;
e [ (o (M ) o (et ‘yffﬂ
e

:e/n <¢((;y) r+ye(r+y)) -

Furthermore, we can write this expression as

T, [¢ (d(i; ');t, elt, )>] (@) = CuTa[t (1,2, €)] (d(tg,x)>
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:g/n (¢ (d($;y);x+y,e($+y)> — (W;w,e(ﬂy))) ngﬂ
_|_5/n <¢ <d(x6—|—y) (:U+y)) (4 <d(m;_y)§ffve(ff)>> ‘yTZJ—H
+s/n <w <W;$,e(w)> — ¢ <W;$,6($)>> |y,df+1

= I+ IT+1II.

We will show that I, /] = O(e) and I1] = O(c'/?).
First, observe that

!IISE/ w(d(x+y);w+y, x+y> <
ly|<1 €

d(z )
+5/
ly|>1

dy dy
<e|lD 2 / o
€ H ZZJH / ‘y’ | ’nJrl Hw” yl>1 |y|n+1

< Cnye

x+y)>

dy
—V, +9) ) y|l—=
0 < e(r +y ) y' M

zz)(‘““””j”;my,e(my))w(d(“y) o) ol

3

and similarly

11| < 5/
lyl<1

o (et ) o (s et0)

g

d(z + d
—we( - y)”“”e(””)>'y|m3“
+5/y|21 Y <€,x,e(x+y)) —¢< £ ,:n,e(:v)> \y\nH
2 d dy
<eleloe | WP i+l | il

< me{:‘.

For 111, we use the mean value theorem and Taylor’s theorem to estimate
\I11| < 8/ " (M;x,e(x)> — (d(m)—e(m)-y;x’e(x)> diil
lvl<vE € € [yl
v <d(m s y)sw,e@:)) - <d(x) e 'y;wvew) e
MENG € € il
. dlx +y)—dx) —e(x) -yl dy dy
<elpll [ IO ZER DI ol [
lvl<vE € ] wl>vE [yl
. dy
<Wle 0%, [ W+ Co
wl<ve Yl
= n,w,d\/g-

<
7¢ \/E
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