STOCHASTIC HOMOGENIZATION OF A POROUS-MEDIUM TYPE
EQUATION

STEFANIA PATRIZI

ABSTRACT. We consider the homogenization problem for the stochastic porous-medium type
equation diu® = Af (T (f) w,ue), with a well-prepared initial datum, where f(7T'(y)w,u) is a
stationary process, increasing in w, on a given probability space (2, F,u) endowed with an
ergodic dynamical system {T'(y) : y € RY}. Differently from the previous literature [3, 13],
here we do not assume ) compact. We first show that the weak solution u® satisfies a kinetic
formulation of the equation, then we exploit the theory of ”stochastically two-scale convergence
in the mean” developed in [6] to show convergence of the kinetic solution to the kinetic solution
of an homogenized problem of the form 9;@ — Af(@) = 0. The homogenization result for the
weak solutions then follows.

1. INTRODUCTION

In this paper we study the behavior as € — 0 of the weak solution u¢(-,-,w) of the porous-
medium type equation: for any w € 2

{@ue =Af(T(%)w,uf) in RTF xRN

(11) u(0,2) =up (z, T (Y)w) on RY

where f(T(y)w,u) is a stationary process, increasing in u, on a given probability space (2, F, i)
endowed with an ergodic dynamical system {T'(y) : y € RV}. Our model example is

(1.2) f(w,u) = a(w)ulu]"™ + b(w)

with v, a,b bounded and v(w) > v > 0, a(w) > ap > 0 for a.e. w € Q. The initial datum is
assumed to be "well-prepared”, i.e., of the form ug(z,w) = g(w, p(x)), for some ¢ € L=(RN) N
LYRY), with g(w,-) = f(w,)"".

The homogenization problem for porous-medium type equations of the form 9,u—A ( f (%, ue))
in the case in which f(-,u) belongs to an ergodic algebra with mean value, has been studied
in [3, 13]. An example is when f(-,u) is almost periodic. In this situation it can be proven
that the algebra can be identified with the space C(£2) for some compact set 2 endowed with
a Borel probability measure and a continuous ergodic dynamical system. The porous-medium
equation then can be written in the form (1.1). Homogenization is then proven by establishing
the existence of multiscale limit Young measures associated with the family of solutions {u‘},
and then by showing that such measures are actually Dirac masses concentrated at the solution
of an homogenized porous-medium type limit problem. In this setting, the compactification of
RY provided by the algebras with mean value plays a fundamental role.

There is an extensive literature about the homogenization of non-linear first and second order
PDE’s in periodic and almost periodic settings, starting from the seminal paper [16]. In more
recent years, there has been a resurgence of interest in the homogenization problems in the more
general setting of random stationary ergodic media, see e.g. [18] and the references therein. The
main difficulty when passing from the periodic or almost periodic setting to the stochastic one
is given by the lack of compactness of the probability space, see [18].

The author has been supported by the NSF Grant DMS-2155156 ” Nonlinear PDE methods in the study of
interphases”.
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Motivated by these results, the goal of this paper is to solve the homogenization problem (1.1)
removing the compactness assumption on . We use a different approach than [3, 13], based
on the kinetic formulation for the equation (1.1). The notion of kinetic solutions for hyperbolic
homogeneous conservation laws has been introduced by Lions, Perthame and Tadmor [17], and
then extended by Chen and Perthame [10] to parabolic laws which include, as special case, the
homogeneous porous-medium equation dyu — Af(u) = 0. In [11], Dalibard defines a notion of
kinetic solutions for heterogeneous parabolic conservation laws of type dyu + div(A(x,u(z)) —
Au = 0, where A(z,u) is a given flux, periodic in the space variable x. The kinetic formulation
is then used to prove periodic homogenization. In this paper, following this idea, we derive
a kinetic formulation for the Cauchy problem associated to the heterogeneous porous-medium
type equation of the form

ou— Af(z,u) =0 in RT x RY,

The corresponding kinetic equation involves an additional variable and its distributional solution
is a discontinuous function. Nevertheless, the advantage of using it is that the kinetic equation
is linear. We can therefore apply the theory of the ”stochastically two-scale convergence in the
mean” developed in [6] by Bourgeat Mikelic and S. Wright. These theory is an extension to the
stochastic setting of the notion of two-scale convergence previously introduced by Allaire [1] in
the context of periodic functions.

We show the existence of the kinetic solution of (1.1) and we prove its convergence, as € — 0,
to the kinetic solution of an homogenized porous-medium equation of the form

oi— Af(@) =0 in Rt x RY

with initial condition (0, %) = [, uo (x,w) du, where f is defined by the formula

v = / g(w, f(v))dp, veR
Q

and g(w,-) = f(w,-)~!. The proof of the convergence result is inspired by the one of the
contraction property of kinetic solutions of parabolic conservation laws, see [10]. Going back
from the kinetic to the weak solution of (1.1), we prove the convergence of the weak solution u¢
of (1.1) to the weak solution of the homogenized problem.

In order to apply the results in [6], we need to require the space L?(€2) to be separable. In
the almost periodic case, or more in general in the case of ergodic algebras with mean value,
the corresponding L?((2) is not separable. However in [8] the authors have been able to extend
the theory of two-scale convergence to this setting, we will recall their result in Section 3.3.
Therefore, the strategy we adopt here to prove homogenization works also in the context of
ergodic algebras, providing a different proof of the analogous results in [3, 13] for the case 2
compact.

1.1. Organization of the paper. The paper is organized as follows. In Section 2.1 we derive
the ansatz for u€. The main convergence result, Theorem 2.2, is stated in Section 2.2. In Section
3 we collect some preliminary results concerning the ergodic theory and the stochastically two-
scale convergence in the mean that will be used later in the paper. The kinetic formulation for
(1.1) is then derived in Section 4. Finally, Section 5 is devoted to the proof of Theorem 2.2.

2. MAIN RESULT

2.1. The ansatz. In order to identify the limit of the solutions u(¢,z) of (1.1) as e — 0,
following the classical idea of the two-scale expansion (see [5] for a general presentation of this
theory), we are looking for an ansatz of the form U° (t,x, %), that is a function such that
ut(t,r) — U° (t,a:, f) converges to 0 as € — 0 in some norm. To simplify the presentation, we



suppose that we are in periodic setting, i.e., that u¢ is solution of
x

(2.1) o =Af (f,ue)
€

with f(y,u) periodic in y and increasing in u. We consider the following two-scale expansion
for uc:

ut(t,x) = U" (t,x, £> + eUt (t,x, E) + €2U? (t,x, E) +...
€ € €

where U°(t, z,y), U(t,z,y) and U%(t, z,y) are periodic in y functions . Putting this expression
in (2.1) and making a Taylor expansion of f (f, ) around UY, we get

BU° — A, [f (% UO) +Ouf (f UO) (Ut + 2U?) + %aguf (% UO) eZ(Ul)ﬂ +O0(e) =0,

where O(e) contains all the terms multiplied by a power of € greater or equal than 1. Now, iden-
tifying the non-positive powers of €, we derive an equation for U?. The equation corresponding
to €72 is the the following

(22) Ay(f(y,UO(t,$,y>)) - 07

where we denote y = z/e and, as usual in deriving an ansatz for homegenization problems,
we assume x and y to be independent. By the Liouville Theorem all periodic in y solutions
f(y,U°(t, 2,9)) of (2.2) in R are constant in y, that is

f(yv Uo(tv €T, y)) = p(t, x)
for any function p(t, ) independent of y. We infer that U°(t, z,y) is of the following form
U°(t, 2,y) = g(y, p(t, z))
where
9(y,) = 'y, ")

The equation corresponding to the power € is

U — Do (f(y,U”)) = divy Vo (0uf (y, UYU") — divaVy (0 f (y, U")U)
(2.3) 1
- Ay(auf(y7 UO)UQ) - §Ay(65uf(ya UO)(UI)Q) =0.
Assuming that the functions are smooth, we get

N N
dive Vy(Quf (y, UYU') = 02,0y, (0uf (y, UYUY) = 03,00, (0uf (y, U)U)

i=1 =1
= divy V, (0uf(y, UOU).
Thus, averaging (2.3) with respect to y and using that, by periodicity,

[ Ta0u 00 dy = [ 8,0u U0 dy = [ A0 0O dy =0,
TN TN TN

with 7% the N-dimensional torus, yields the evolution equation
owu — Ap(t,z) =0,

where
ult,z) := O,z = x
(2.4 ()= [ 0wy = [ otw.pit.0)d

and we have used that f(y, U%(t,z,%)) = p(t,z). The computations above suggest to define the
function f implicitly in the following way, for any given u € R,

(25) u= [ ot Ty
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Then, from (2.4) and (2.5) we have that p(t,x) = f(u(t,x)) . We conclude that if u is the
solution of

ou — Af(u) =0 in Rt xRN

w(0,2) = [rnuo (z,y)dy on RN
with f defined by (2.5), our guess for UY is the following

00 (12,2) =g (2 Fatt,2)))

2.2. Assumptions and main result. Let us now introduce the mathematical assumptions we
make, we refer to Section 3 for the main definitions and some preliminary results. Throughout
this paper we assume that (2, F,u) is a probability space with L?(f2) separable, and that
{T(y) : y € RV} is an ergodic N-dimensional dynamical system on (€2, F, ). Moreover, we
assume that f:Q x R — R is a measurable function satisfying, for a.e. w € €Q:

(H1) f(w,-) is striclty increasing and locally Lipschitz continuous, uniformly in w. Moreover,
limy,— 400 f(w, u) = +00, uniformly in w;

(H2) f(T'(-)w,u) is continuous and f(-,u) € L>(Q) for all u € R.

(H3) Let g(w,-) := f(w,-)~!, then for all p € R and g—g(T(-)w, ) e L} (RN x R) uniformly in

loc
w.

We assume that the initial data ug is ”well-prepared”, that is of the form
(H4) ug(w,w) = g(w, o(x)), for some p € L®(RY)NL (RV) and g(w, ¢)—g(w, 0) € L} (% L} (RY)),

Observe that (H1)-(H3) are satisfied by functions of the form (1.2) with ~v,a,b bounded
stochastic variables, with y(7'(+)), a(T(-)) and b(T'(-)) continuous, and y(w) > v > 0, a(w) >
ag > 0 for a.e. w € Q. Moreover, in this case (H4) is satisfied for any ¢ € L>®(RY) N LY(RY).

Under the assumptions (H1)-(H4), even though 9, f can be 0 at some point, (1.1) still belongs
to the "non-degenerate” class according to the classification of [7]. Well-posedness of (1.1) in the
homogeneous case, i.e. when the coefficients do not depend explicitly on (¢, ), was established
by Carrillo in [7]. The results of [7] have been extended by Frid and Silva in [13] to the case
in which f explicitly depends on z and satisfies (H1)-(H2), these results in particular guarantee
that for any fixed € > 0 and a.e. w € Q there exists a unique unique weak solution u(¢, z,w) of
(1.1) (see Definition 4.3 for the definition of the weak solution to (2.8)). Assumptions (H3) and
(H4) are needed in order to make sense to the kinetic formulation of (1.1) given in Section 4.2.

A L' well-posedness theory for the homogeneous anisotropic case, that is for non-diagonal
viscosity matrices was established by Chen and Perthame [10] and succesiveley extended to the
non-homogeneous case in [9].

Let g be the function defined by

(2.6) 9(p) = /Q g(w,p)du, pER

1

Since g(w, -) is strictly increasing, g has inverse f := g~! implicitly defined by the equation

(2.7) v= [ g F@)dn, veR
Q
Lemma 2.1. Let f : R — R be defined by (2.7). Then f is strictly increasing and locally

Lipschitz continuous in R.

For the proof of Lemma 2.1 we refer to the proof of Lemma 6.1 in [13]. By the results of [7]
and Lemma 2.1, there exists a unique weak solution of the Cauchy problem
{(%u —~Af(@) =0 in Rt xRV

(28) u(0,2) = [yuo (z,w)dy on RN,



We are now ready to state our main result.

Theorem 2.2. Let U be the unique weak solution of (2.8), where f is defined by (2.7). Set
U(t) 337 w) = g((")??(ﬂ(t? $))),

then as € — 0, we have

(2.9) /Q (

and [ u‘dp — @ in the weak star topology of L°(R* x RM).

u(t,z,w) = U (t,x,T (£> w)‘

€

dy — 0,
L (R+xRN) a

3. PRELIMINARY RESULTS

3.1. Ergodic theory. Let us recall some basic facts about the ergodic theory that will be
needed in the next sections, we refer to the book [15] for a more complete presentation.
Let (Q, F, u) be a probability space.

Definition 3.1. An N-dimensional dynamical system on (Q, F,u) is a family of maps T(y) :
O — Q, y € RN, which satisfies the following conditions:
(i) (Group property) T(0) = I, where I is the identity map on 2, and T(y + z) =
T(y)T(z), Vy,z € RY;
(i) (Invariance) The maps T'(y) : Q@ — Q are measurable and p(T(y)E) = p(E), Yy €
RN, VE € F;
(iii) (Measurability) Given any F' € F the set {(y,w) € RYN x Q : T(y)w € F} C RN x O
1s measurable with respect to the o-algebra product Ly ® F, where Ly is the o-algebra
of the Lebesgue measurable sets of RV.

Definition 3.2 (Ergodic N-dimensional dynamical system). A F-measurable function f : Q —
R is called invariant if f(T(y)w) = f(w) p-almost everywhere in Q, for ally € RY. A dynamical
system is said to be ergodic if every invariant function is p-equivalent to a constant in 2.

Definition 3.3 (Stationary process). A stochastic process F:RY x Q= R is called stationary
if

Fly+v,w)=F(y,T(y)w) foralyy e¢RY and a.e. we Q.
If the N-dimensional dynamical system {T(y) : y € RN} is ergodic, then F is said stationary
ergodic.

Remark 3.4. It is easily checked that a stochastic process F:RVxQ—>Ris stationary if and
only if there exists a stochastic variable F : Q0 — R such that

F(y,w) = F(T(y)w).

Given the probability space (2, F, u), as usual, for 1 < p < 400, let us denote by LP(Q2) =
LP(Q, 1) be the space of the equivalent classes of measurable functions g : 2 — R such that |g|P
is p-integrable on €2, and by L>°(Q) = L>°(Q, ) the space of p-essentially bounded measurable
functions. Let T'(y), y € RY, be an N-dimensional dynamical system on (Q, F, u). If g € LP(Q),
then almost all its realizations g(7T'(y)w) belong to L? (RY). Moreover, T(y) induces a group

loc

{U(y) : y € RN} of unitary operators on L?(Q) defined by
Uyh)(w) = (T (yw), yeRY, weQ hel*(Q)

which turns out to be strongly continuous in L?(£2).
Let D1, ..., Dy denote the infinitesimal generators of the group with Dy, ..., Dy their respective
domains in L?(), i.e., for h € D;

h
(D;jh)(w) := lim , 1=1,...,N
¥ #0, y; =0 Yi
y;=0,j#i
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in the sense of convergence in L?(Q2). Then, for h € D;, for a.e. w € (2, the realization h(T(y)w)
possesses a weak derivative d,,(h(T(y)w)) € L2 (RY) and the following equality holds

loc
(3.1) (D:ih)(T(y)w) = 8y, (M(T(y)w)) for ae. y € RY.

The unitary of the group {U(y) : y € RN} implies that the operators D; are skew-symmetric,
i.e., for h, g € D; we have

/Dihgd,u:—/hDigd,u 1=1,...,N.
Q Q

Define D(Q2) = NY,D; and
(3.2) D*(Q)={he L*(Q)ND(Q) : D*h € L*=(2) ND(Q?), for all multi-indeces a}.

For a function h € L%(Q), the stochastic weak derivative D*f of f is the linear functional on
D>(Q) defined by

(D 1o = (1) [ 1D%pdn, o e D=0,
The following result is proven in [6].

Lemma 3.5 ([6], Lemma 2.3). Assume the dynamical system {T(y) : y € RV} to be ergodic and
L?(Y) separable. Let h € L*(Q) such that D;h = 0 for any i =1,..., N, then h is u-equivalent
to a constant in ).

Using Lemma 3.5, we can prove the following Liouville type result that will be needed in
Section 5.

Lemma 3.6. Assume the dynamical system {T(y) : y € RV} to be ergodic and L?(SY) separable.
Let h € L>®(Q) N L%(Q) such that Ah = 0, then h is p-equivalent to a constant in ).

Proof. Let us introduce a smooth approximation of h. A classical way to do it consists in
introducing an even function K such that

K € C°(RY), K(z)dz=1, K >0,
RN
and set
W) = [ Ks(h(T(2)w)dz,
RN

where Kj(z) = 6 VK (67'2). Tt turns out that h® € D>(Q), U(y)h® is infinitely differentiable
as a function of y € RN and

. 5 B

lim [[2° = hl| z2(0) = 0,

see [15]. Moreover h°® satisfies
/ Ap(w)h (w)dp = — 2/ Djp(w)D;ih’ (w)dp = 0
Q — Ja

for any ¢ € D®(f2). Lemma 3.5 then implies that D;h°(w) is equivalent to a constant in Q. In
particular, for a.e. w € Q and any y € RV, 9,,(h%(T(y)w)) = (D;h?)(T(y)w) is constant. Since
in addition h% € L>®(Q), we infer that 9y, (h°(T(y)w)) = 0 for a.e. w € Q, i.e., h(T(y)w) = h'(w)
for a.e. w € Q and every y € RY. The ergodicity of the dynamical system {T'(y) : y € RN} then
implies that h? is equivalent to a constant in €. Passing to the limit as § — 0 we conclude that
h is equivalent to a constant in €. O
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3.2. Stochastically two-scale convergence in the mean. Following an idea of Nguetseng
[19], Allaire [1] defined the notion of two-scale convergence in the periodic setting. Bounded
sequence in L?(Q), where @ is a given domain, are proven to be relatively compact with respect to
this type of convergence. The notion of two scale convergence is useful for the homogenization of
partial differential equation with periodically oscillating coefficients. In order to threat equations
with random coefficients, in [6] Bourgeat et al. extend this theory from the periodic to the
stochastic setting, introducing the concept of ”stochastically two-scale” convergence in the mean.
They prove the following:

Theorem 3.7 ([6], Theorem 3.4). Let (2, F, 1) be a probability space such that L?(Q) is separable
and let {T(y) : y € RV} be a N-dynamical system. Let Q be an open set of RN and let {w¢} be
a bounded sequence in L?>(Q x Q) . Then there exists a subsequence, still denoted by {w¢}, and
a function wo € L*(Q x Q) such that

lim w(z,w)Y (ac, T <£> w) dxdy = / wo(z, w)Y(x,w)drdu
=0 Joxn € QxQ

for any function v such that ¥(x,T(z)w) defines an element of L*(Q x Q). Such a sequence

{w*} is said to ”stochastically two-scale” converge in the mean to wo(z,y).

Remark 3.8. Not for every element ) € L2(QxQ), ¥(x, T(z)w) defines an element of L?(Qx )
but if for evample 1 (z,w) = g(x)h(w) with g € L*(Q) and h € L*(Q), then (z,w) — ¥(z, T(x)w)
belongs to L(Q x ), see [6].

We will need to apply the previous result to sequence of functions belonging to L (Q x Q).
With a minor modification of the proof given in [6], the concept of ”stochastically two-scale”
convergence can be extended to L° functions.

Proposition 3.9. Under the same assumptions of Theorem 3.7, let {w®} be a bounded sequence
in L>®(Q x Q). Then there exists a subsequence, still denoted by {w}, and a function wy €
L>(Q x Q) such that

lim w(z,w)Y (a:, T (E) w) drdp = / wo(z, w)Y(x,w)drdu
e—0 Q%N € QxQ

for any function 1 such that ¢ (x,T(x)w) defines an element of L'(Q x ).

3.3. Ergodic algebras with mean value. In this subsection we recall the Bohr compactifi-
cation of the set of almost periodic function on RY and more in general of ergodic algebras with
mean value. We will then present the two-scale convergence result proven [8].

The set of almost periodic functions on RY, here denoted by AP(R), is a linear subspace of
the space of bounded uniformly continuous functions on R, that forms an algebra with mean
value. This means that AP(RY) satisfies the following conditions:

a) if f, g € AP(RY) then fg € AP(R");
) AP(RY) with the uniform convergence topology is complete;

) the constant functions belong to AP(RY);

) AP(RY) is invariant under the translations 7, : RY — RN, 7,(z) =2+ y, y € RV, that
is if f € AP(RY) then f(,(-)) € AP(RY);

e) any element f € AP(RY) possesses a mean value, that is there exists a number M(f)

such that
. 1 T
M(f) :li%yA/Af () d

for any Lebesgue measurable bounded set A ¢ RV,
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The Besicovitch space of order p, with 1 < p < 400, denoted by BP is defined as the closure of
AP(RY) for the seminorm

1
[flp = (M| f[7))7 .
The Besicovitch space of order co, B*, is defined by

B*® :={f € B'|[f]s := sup|flp < +oo}.
p=1
The spaces BP are seminormed spaces. The quotient of BP with the kernel of [-],, denoted by
BP, is a normed space. It is well known, see [12] and [2], that there exists a compact space G,
called Bohr compactification of AP(RY), and an isometric isomorphism i : AP(RY) — C(GV)
identifying AP(RY) with the algebra C(G") of the continuous functions on GV. If m is the
Haar measure on G normalized to be a probability measure, then

Agfmn=ﬂﬂﬂ~

Moreover, the translations 7, induce a family of homeomorphisms T'(y) : G¥ — GV, y € RY,
which is an ergodic continuous N-dimensional dynamical system on (GV,G, m), with G the o-
algebra of Borel sets on G. Finally, the space BP, 1 < p < +o00, is isometrically isomorphic to
LP(GN, m).

More in general, if A is an algebra with mean value, i.e., satisfies (a)-(e) and BP are the
generalized Besicovitch spaces associated to A, then

Theorem 3.10 ([3], Theorem 4.1). The following holds:

i) There exist a compact space K and an isometric isomorphism i identifying A with the
algebra C(K) of continuous functions on K.
ii) The translations T, induce a family of homeomorphisms T(y) : K — K, y € RN, which
18 a continuous N -dimensional dynamical system.
iii) The mean value on A extends to a Radon probability measure m on K defined by, for

feA
/fszm,
K

which is invariant by the group of homeomorphisms T (y).
iv) For 1 < p < 400, the Besicovitch space BP is isometrically isomorphic to LP(K, m).

An algebra with mean value is called ergodic if any function belonging to B2 and invariant
with respect to 7, is equivalent (in B?) to a constant. In this case the N-dynamical system given
in Theorem 3.10 is ergodic. Lemma 3.5 for ergodic algebras with mean value is proven in [3]
(see Lemma 3.2).

Thanks to the Theorem 3.10, equation

Ou=Af (%u)

when f(-,u) is almost periodic or more in general belongs to a linear algebra with mean value,
can be written as in (1.1) by setting

Q:=K, p:=m

and T'(y), y € RY, the N-dynamical system induced on K by the translations Ty of RY. However,
we cannot apply Theorem 3.7 and Proposition 3.9 in this framework as the Besicovitch spaces
are in general not separable. In [8] the authors were able to overcome this difficulty and extend
the theory of two-scale convergence to generalized Besicovitch spaces, see Definition 4.1 there
for the notion of two-scale convergence in this setting.
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Theorem 3.11 ([8], Theorem 4.10). Let Q be an open set of RY and let {w} be a bounded
sequence in LP(Q x ), 1 < p < oco. Then there exists a subsequence, still denoted by {w*}, and
a function wg € LP(Q; BP) such that {w®} two-scale converges to wy.

4. THE KINETIC FORMULATION

In this section we derive a kinetic formulation for the heterogeneous porous-medium equation
(1.1) that will be used in the proof of Theorem 2.2. Let us start by recalling some classical
results.

4.1. Homogeneous porous-medium type equations. The notion of kinetic solutions for
hyperbolic homogeneous conservations laws has been introduced by Lions, Perthame and Tadmor
[17], and then extended by Chen and Perthame [10] to parabolic laws that include, as special
case, the homogeneous isotropic porous-medium equation
(4.1) Ou—Af(u)=0
(see also [21]). The formulation can be derived from the Kruzkhov’s inequalities. Formally, if
we multiply the equation by S’(u), where S is a C? function, we find the following equation
(S (u)) — div(f' (u)V(S(u))) = =S" (u) f'(u)|Vul*.
The choice S(u) = (u — v)4 for any v € R as a limiting case of C? functions, gives the entropy
inequalities
O(u(t, ) —v)y — A(f(ult, z)) = f(v)4 = —m
with
m(t, z,v) = 6, (v) f (u)|Vul?
where &, (v) is the Dirac masse at v = u. Differentiating with respect to v the previous equation,
we find

0
4.2 _ ! A —
(4.2) Oix+ — f(v)Axy = va

where
X+t 7,v) = Lgyta)>o)s
and 14 denotes the indicator function of the set A. The same kind of equation holds for
X*(ta €, U) = 1{u(t,:v)<v}:
0
Ox— — f(v)Ax_ = ~ 5™
The function that occurs in the kinetic formulation is the function x : R? — {—1,0,1} defined
by
1 for 0<wv<u,
X(v,u)=4¢ -1 for u<v<0,
0 otherwise.
Since (4.2) is linear, we see, at least formally, that the function
X(t7 xz, U) = X(Ua U(t, l’)) = 1’U>0X+ (t7 xz, U) - 1’U<0X* (t7 xz, U)
is still solution of (4.2). We are now ready to give the definition of kinetic solution for (4.1) with
initial condition
(4.3) u(0, ) = up(x) € LYRY).
Definition 4.1 (Definition 2.2, [10]). A kinetic solution of (4.1), (4.3) is a function u €
L>([0, 00); LY(RN)) such that
(i) For any € € C(R), £(u) /()| Vul? € L}([0, 00) x RY);
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(ii) x(t,x,v) = x(v,u(t,v)) satisfies (4.2) in the sense of distributions in [0, +00) x RN x R,
with initial data x(0,z,v) = x(v,uo(x));
(iii) If n is the positive measure on R defined by

/Rﬁ(v)dn(v) = /IMXRNXRf(U)m(t,m,v) dt dx

for & € C.(R), then there exists n € L*°(R) such that n — 0 as |v| = oo and
n<nn
in the sense of distributions in R

Remark that a new real-valued variable, denoted by v, has been added in the kinetic formu-
lation in order to make sense to the derivative a%m. In [10] is shown that the notion of kinetic

solution is well posed in L':

Theorem 4.2 ([10], Theorem 1.2). Assume f € W,o°(RN), f' > 0 in R and ug € L'(RY).

Then, there exists a unique kinetic solution u € C(]0,00); L*(R™)) for the Cauchy problem (4.1),
(4.3).

If the initial data belongs to L' (RV)NL>(R™M), then the notion of kinetic solution is equivalent
to the one of entropy solution, see [10] for the definition of entropy solution and the proof of the
equivalence result. However the former is more general than the latter since is well defined in
the L'-setting. The L'-stability of L>-entropy solutions of porous-medium type equations was
already proven by Carrillo [7]. In the paper is also shown that if f has continuous inverse, then
any weak solution of (4.1), (4.3) is also an entropy (and then a kinetic) solution.

4.2. Heterogeneous porous-medium type equations. In [11], Dalibard defines a notion
of kinetic solutions for parabolic conservation laws of type diu + div(A(z,u(z)) — Au = 0. In
the homogeneous case, constants are stationary solutions, while they no longer play a special
role in the context of heterogeneous conservation laws. Starting from this remark, already
pointed out in [4], she derives a definition of kinetic solution taking in the entropy inequalities
S(u) = (u — v(x))4 with v stationary solution.

In this paper, following this idea, we obtain a kinetic formulation for the heterogeneous
porous-medium type equations of the form

(4.4) ou— Af(z,u) =0 in RT x RV,
with initial data

(4.5) u(0,z) = ug(z) on RV,
Throughout this section on f we assume:

(f1) f(z,-) is strictly increasing and locally Lipschitz continuous uniformly in x. Moreover,
limy, 400 f(2,u) = +00, uniformly in x;
(f2) f(-,u) is continuous and bounded for all u € R.

Let us recall the notion of weak solution of the Cauchy problem (4.4), (4.5).

Definition 4.3. A function u € L®(R* x RY) is said to be a weak solution of (4.4), (4.5) if

the following holds:
(i) f(z,u(t,z)) € Li, (R; Hj, (RY));
(ii) for any ¢ € C([0,00) x RY), we have

/ [up — Vf(z,u)- V| dtde + / (0, x) dz = 0.
Rt xRN

RN
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The existence of a unique weak solution of (4.4), (4.5) is proven in [13] under the assump-
tions (f1) and (f2), see also [3]. Adapting the techniques of [7] in order to handle the explicit
dependence on x of f, the authors also show that weak solutions of (4.4) satisfy an L!-stability
property. These results are recalled in the following:

Theorem 4.4 ([13], Theorem 5.1). Assume (f1), (f2) and ug € L>®(RY), then we have the
following:
(i) There exists a unique weak solution u € L®(RT x RN) N C([0, +00); L1, (RN)) of (4.4),
(4.5).
(ii) If uy, us are weak solutions of (4.4) with initial data respectively ugy, ugs € L®(RN),
then for all ¢ € C°([0,00) x RY), ¢ > 0, we have

/]R+><]RN[(UI(t7$) —ug(t,2)) 1 0¢ + (f(z,ur(t,2)) — fla,uz(t, )+ A dt dx

+ /N(um(x) — up2(x))+¢(0,2) dx > 0.
R
Moreover (ii) holds true also with the positive part replaced by the negative part.

If ug is stationary, inequality (ii) of Theorem 4.4 is a consequence of the next lemma we are
going to state and which is proven in [13] (see the proof of Theorem 5.1). The lemma is a central
tool in our analysis in order to get a kinetic formulation for the Cauchy problem (4.4), (4.5).
Let us first introduce some notation. Let H, : R — R be the approximation of the Heaviside
function given by

1, for s> o,
(4.6) Hy(s) =42, for 0<s<o,

0, s<0.

Moreover, for k € R, let us define

k L A .
Bi(e,N) = [ Holf(e,r) ~ (o 0)dr
k

Lemma 4.5. Assume (f1), (f2) and let uy, us be weak solutions of (4.4) with initial data
respectively ug1, uge € LOO(RN). Assume that us = wugs is a stationary solution. Then, for all
¢ € C2([0,4+00) x RY) we have

—/ Bé‘“””(ﬂfwl(t’w))@dtdw—/ B2 (2, u01(2))$(0, ) dz
Rt xRN RN

@+ [ Hofe (o) - @) Ve (o) - ()] - Vod ds

== /R+X1RN IV[f (2, ui(t,2)) — f(z, uz(2))] Hy (f (2, wi(t, 7)) — f (=, uz(2)))d dt d.

Let g(x,-) := f~!(x,-), then by (f1) and (f2), one can easily show that g : RY x R — R is
continuous, g(-,p) € L>®(RY) for any fixed p € R, and lim, 4o g(z,p) = +oo uniformly in .
Moreover p = f(x, g(z,p)) € L} (RT; HL (RY)). Thus, for any p € R, the function

(4.8) v(z,p) = g(z,p),

is a stationary solution of (4.4). We can therefore apply identity (4.7) with u;i(¢,2) = u(t, x)
the weak solution of (4.4), (4.5), and wug(x) = v(z,p). The entropy formulation for (4.4), given
in the next proposition, is obtained by passing to the limit as 0 — 0. In order to make sense to
the limit of the right-hand side of (4.7), we have to consider p € R as a new real-valued variable.
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Proposition 4.6. Assume (f1), (f2) and ug € L®(RY). Let u be the weak solution of (4.4),
(4.5) and v(z,p) be defined as in (4.8), then we have

(4.9) dh(ult, x) — v(z,p))+ — Alf(z,u) —p)s = —m,
in the sense of distributions in [0,00) x RY x R, where

m(ta x,p) = |Vf(.1‘, u)|25f(x,u) (p)
is a nonnegative measure on Rt x RN x R.

Proof. We have to show that for any ¢ € C°([0, +00) x RY x R),
Lo A (ultn) = o)+ V(e ut.a)) = )] Vo) didady
@) = [ (unle) = o) 00,50 de dp
RN xR

. / IV F (o, ut )Pt o, fa,u)) dt do.
R+ xRN

It suffices to show (4.10) for ¥(t, z,€) = ¢(t, z)&(p) with ¢ € C([0, +00) x RY) and & € C°(R).
Applying (4.7) with ui(¢,z) = u(t, x), ua(x) = v(z,p) and then integrating in p, we find

(4.11)
- / £(p) / B (¢, u(t, )y dt dax dp — / ep) [ BEP (a2, up()) $(0, ) d dp
R R+ xRN R RN

+ / 5(1))/ Ha(f(mvu(tvx)) - f(a:,v(m,p)))V[f(a:,u(t,x)) - f(x,?)(l:,p))] : V¢ dt dx dp
R R+ xRN

= —/é(p)/ IV[f (2, u(t,x)) — f(z,v(z, p)PHy (f (2, u(t,z)) — f(z,v(z, )¢ dt dz dp.
R R+ xRN
Remind that f(z,v(x,p)) = p. Moreover

/ B %, for f(z,u) —o <p< f(z,u),
Ha(f(w,u)—f(x,v))_{o’ for p< f(z,u)—oorp> f(x,u).

Hence the right-hand side of (4.11) is equal to the following quantity

f(@u)
[ swaeaoPoes) [ Papara.
Rt xRN

flzu)—o O
Passing to the limit as o — 0 in (4.11), we finally get (4.10). O
We next consider initial data of the form
ug(z) = v(z, p(x))
with ¢(z) € L®(RY). By assumptions (f1) (f2), we have that v(z, o(z)) € L= RYN) if ¢(z) €
L= (RN).
Lemma 4.7. Assume (f1) (f2) and let u € LRt x RV) N C([0, +00); L. (RN)) be the weak

loc
solution of (4.4), (4.5) with ug(x) = v(z,(x)) for some function p € L¥(RYN), and v(z,p)
defined as in (4.8). Assume in addition that

(4.12) v(z, p(2)) — v(z,0) € LYRY).
Then the following holds:
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(i) For allt >0 andp >0

/ (ult, 2) — v(z, p)) s di < / (0(z, 0(x)) — v(z,p))dz < o0
RN

RN
forallt>0 andp <0

[ (wtta) ~v(ep)-de < [ (oo pla) = oe.p)-de < .
RN RN

(ii) If p1 < 0 < pa € R are such that p1 < @(x) < py for any x € RN, then
v(z,p1) <u(t,z) <v(x,ps) forall (t,z) € RT x RV,

(iii) Let n be the positive measure on R defined by

| cwanm = [ £yt z, p)dtde,
R R+ xRN xR
for & € C.(R), then

n<mn inD(R)
where
1o = 1gpsopll(v(@, o(2)) = v(@, )+l L1 @y) + Lip<opll (v(@, (@) — v(2,p)) -l L2 (&)
Proof. For p > 0, we have that
(4.13) (v(@, () = v(z,p))+ € L' (RY).
Indeed, by the monotonicity of v(z,-) and (4.12),
0 < (v(@,p(2)) —v(x,p)4 = (v(z, p(2)) = v(z, P)) Lp@)>py < (V(@, (7)) —0(2,0))4 € L'(RY).
Similarly, one can prove that for p <0,
(4.14) (v(@, (x)) = v(x,p))- € L'(RY),

Then, we apply (ii) of Theorem 4.4 with uy (¢, z) = u(t, z), ua(t,x) = v(z, p), uo1(x) = v(z, p(x)),
uo2(x) = v(z,p) with p > 0. By using that

(u01 — UO2)+ c Ll(RN),

choosing ¢(t, ) = ¢(t, z) with {¢;} a sequence of functions in C°([0, +00) xRYV) approximating

the function 1y 4, rny and letting & — +o00, we get the first inequality in (i). Similarly, the second

inequality is obtained by (ii) of Theorem 4.4 applied to uq(t,x) = v(x, p) and ua(t, z) = u(t, ).
The monotonicity of v(z,-) implies that if p; < 0 < pg are such that p; < ¢(x) < ps, then

v(z,p1) < vz, () < v(z,p2).

Therefore, (ii) is a consequence of (i).
Finally, from (4.9) and (4.13), we infer that for any £ € C.(R)

—+o00 —+o0
| mit,zp)dtds < [ €| (0(e0(0)) — o)l v do
]R+><]RN 0
Similarly, from (4.9) and (4.14),

/ dp/RerRN m(t, z, p)dtdx </ E)|l(v(z, o(x)) — v(@,p)) -l L1 (mN)dP-

Adding the two previous inequalities we get (iii) and this concludes the proof of the lemma.
O
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The kinetic formulation for (4.4), (4.5) is finally obtained by deriving (4.9) with respect to p:

m(t,a:,p) = ‘vf(x7u)’25f(z,u)(p)
where
(4.16) X+t 2,0) = Ly p)<u(ta)}-

Remark that since v(z,-) = f(z,-)~! is monotone increasing, we have

X+ (7, p) = Lipe fmulta))-

In the homogeneous case, v(z,p) = f~'(p) does not depend on z. If we make the change of
variable v = f~1(p), equation (4.15) becomes (4.2).

In order to make sense to the equation (4.15), we require that g(x,p) = v(z,p) satisfies the
following assumption:

(f3) % € L} (RN x R).

loc

We are now ready to give the definition of kinetic solution for (4.4), (4.5).

Definition 4.8. A kinetic solution of (4.1), (4.3) is a function u, with u(t,x) — v(z,0) €
L>=([0,00); LY(RY)), such that

(i) f(z,u(t, ) € L, (RY; Hjpo(RY));
(i) X+, 2,p) = Vy(ap)<u(te)} Satisfies (4.15) in the sense of distributions in [0, +00) X
RN x R, with initial datum X(O,x,p) = 1{v(x,p)<u0(x)};

(iii) If n is the positive measure on R defined by

/f(p)dn(p) 32/ E(p)m(t, z,p) dtdx
R R+ xRN xR

for & € C.(R), then there exists n € L®°(R) such that n — 0 as |p| — oo and
n <

in the sense of distributions in R.

We conclude this section by showing that the weak solution of (4.4), (4.5) with suitable initial
condition is also kinetic solution. Precisely we have:

Proposition 4.9. Assume (f1), (f2), (f3) and let u € L®(RT x RY) N C([0, +0); L, .(RY))
be the weak solution of (4.4), (4.5) with ug(x) = v(x,o(x)) for some function p € L>®(RY)
such that v(z,(x)) — v(z,0) € LY(RN). Then the function xi(t,z,p) defined in (4.16) is
a solution of (4.15) in the sense of distributions in [0, +00) x RN x R with initial condition

X+(0,2,p) = Lipcp@)y- In particular there evists a kinetic solution of (4.4), (4.5).
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Proof. Take ¢ = ¢(t,z) € C°([0,00) x RY) and ¢ = £(p) € C(R), then by (4.9)

<M s — gl >
Op

_ / dt dz éu(t, ) / (u(t, z) — v(x, p))+ € (p) dp
R+ xRN

R

- / dz $(0, z) / (uo(x) — v(, )€ (p) dp
RN R

_ / dt dx Ag(t, z) / (F(x,ult, ) — p)+€'(p) dp
R+ xRN

R

= _ /R+><]RN><R <¢t(t,x)g;($,p)><+(t,w,p) + Ao(t, x))X+(t,x,p)> &(p) dt dx dp

ov
[ B0 @D ooy ) do
RN xR p
where the last equality is obtained by integrating by parts with respect to p and using that

X+ (2, p) = Loz p)<ulta)} = Lp<f(ou(to)}-
Since in addition
f(@,uo(z)) = [z, 0(z, 0(2))) = ¢(2),
and thus
Lp<f@uo@)} = Hp<o@)
we conclude that y (¢, z, p) is a solution of (4.15) in the sense of distributions in [0, +00) x RY xR
with initial condition x+(0,z,p) = Lipcp(a)}-

We have shown that the weak solution u satisfies (i) and (ii) of Definition 4.8. By (i) of Lemma
4.7 and v(z, p(z)) —v(x,0) € LY(RY), we also have that u(t,z) — v(x,0) € L>®(]0, 00); L} (RM)).
Finally (iii) of Lemma 4.7 implies that (iii) of Definition 4.8 holds true. Thus u is kinetic solution
of (4.4), (4.5). O

5. PROOF OF THEOREM 2.2

Let u(t,z,w) be the weak solution of (1.1) whose existence is guaranteed by Theorem 4.4.
Let us define

(5.1) v(w,p) == g(w,p), where g(w, ) = f Hw,-),

X4 (tz,p,w) = 1{U(T(§)w,p)<ue(t,x,w)} = 1{p<f(T(§)w,ue(t,x,w))}
and

Xe_ (t,a:,p,W) = 1{1}(T(%)W,p)>u5(t,x,w)} - 1{p>f(T(f)w,u5(t,a:,w))}'

Then, by Proposition 4.9, for a.e. w € 2, x§ and x¢ are respectively solutions in the sense of
distributions in Rt x RN x R of

(5.2) {éﬂ (52 (T (2)w,p) x5 ) = AXG = B (ta,p,w)
Xj—(oaxvp) = 1{p<</7($)}
{ (2 (T (£)w.p) X0 ) — AXE = ~ 22 (t,2.p,)

XE(0,2,p) = Lipsp(a))
where

't = [9 (7 () )] ytrpony®
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Moreover, by Lemma 4.7 we have the following estimates:

e If p; < 0 < p2 € R are such that p1 < ¢(x) < py for any = € RN then for all
(t,z) € Rt x RY and a.e. w € Q

(5.3) v <T (%) w,p1> <uf(t,x,w) <w (T (%) w,p2> )

e Let n® be the positive measure on R defined by

/ £(p) dn(p) == / E(p)me(t, z,p,w) dt dz du
R Rt xRN xRxQ

for £ € C.(R), then
(5.4) nt <n

in the sense of distributions in R, where n € L*°(R) with compact support, is defined by

it [, (7 )i o (o (D)), s
g [ o (7 (2)ste) o (£ (2) )]s

Loy [ 0lg(@) —vepl, dod

+ <oy /RNXQ [v (w, () — v (w,p)]_ dzdp,

by using the invariance of T with respect to pu.

Remark that the fact that n has compact support is a consequence of the monotonicity of v(w, -)
and the assumption ¢ € L>(RY).

Lemma 5.1. There exists a subsequence of the measures {m¢}, still denoted by {m°} and a
measure m® on RT x RY x R x Q such that m¢ converges to m® weakly in the sense of measures
in RT x RY x R x Q. Moreover, if n® is the positive measure on R defined by

/ &(p) dn®(p) := / E(p)mO(t, z, p,w) dt dz dp
R RTXRN xRxQ

for € € C.(RY), then
n’ <n
in the sense of distributions in R, where n € L*°(R) with compact support.

Proof. The lemma is an immediate consequence of (5.4) and (5.5). O

The functions {x§ }c and {x° }¢ are obviously bounded uniformly in €, then by Proposition
3.9, there exist X9, X2 € L®(R™" x RY x R x Q) such that, up to subsequence, {x§} and {x°}
stochastically two-scale converge in the mean respectively to Xﬂ and x? as € — 0.

Lemma 5.2. The functions X(—)i- and X° are independent of w € Q.

Proof. In (5.2), take as test function ¢(¢,z)e* (T (%) w)&(p), where ¢ € CP(RT x RY),
€ € CP(R) and ¢ € D>®(R), D*(Q2) being the set defined in (3.2). Using that for a.e. w € Q,

ae. xeRY, 8(11. (o(z G) 2)) = %Dﬂ/J (T (%) w).
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we get,
/ X |00+ e+ 266Va0Dub + 060 (T (L)) | atddpay
R XRN xRxQ P €

= / Epypmee (p) dt dx dp dp.
R+ xRN xRxQ

By Lemma 5.1, the right hand-side of the identity above goes to 0 as ¢ — 0. Hence, passing
to the limit as ¢ — 0, we find that for almost every (t,z,p) € RT x RN x RV, Xﬂ]r(t,a:,p,w) is
solution of

wag_ =0
in the sense of distributions. Then, Lemma 3.6 implies that X(}r is independent of w. Similarly,
we can prove that x° independent of w. O

Lemma 5.3. For a.e. (z,p) € RN xR, x%.(0,z,p) = ipcp(z)) and X2(0,z,p) = o)}

Proof. Since ¢ is solution of (5.2), for any ¥ € C°([0, +o0) x RY x R),

Lo [o2 (7 (2) )0 0] i

ov T
=— 1 n— (T(—)w, 0,z,p)dxdpd —I—/ mS dt dx dp ds.
/LNXRXQ “Kw()}ap( <€) p)ﬂ( p) pek R+ xRN xRx pw pan

Passing to the limit as ¢ — 0, by the two-scale convergence of x¢ to X(jr, Lemma 5.1 and the
identity
v -,

) %(w,p) dp=g'(p),

we get

[ X000+ A dedodp
R+ xRN xR
S / 1{p<@(x)}§’(p) »(0,z,p) dz dp + / moapw dt dx dp d.
RN xR R+ xRN xRxQ
Since g'(p) > 0 for a.e. p € R, this implies x%.(0,z,p) = 1{p<y(z)}- Similarly, we get XY (0,2,p) =
Lip>p(a)}- O
Now, we want to identify XS)F and Y. Let us denote
X+ (t:2:P) = Ly Fat,a)
and
X-(t:2,2) 1= 1 Fue)

where @ is the weak solution of (2.8). Since up(x,w) = g(w, ¢(x)), recalling the definition (2.6)
of g(p) = ?71(]9), we see that u satisfies the initial condition

u(z,0) = /Qg(wvcp(x))du = g(p(z)),

with ¢ € L>®(RY). Moreover, by Assumption (H4),

g(e(2)) —9(0) € L'(RY).
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Thus, by Proposition 4.9, we know that X, and X_ are respectively solution in the sense of
distribution in [0, +00) x RY x R of

(5.6) 5@ 0xy) - Axy = 22 (t,2.p)
X+(0,2,p) = 1ipcp(a))

(5.7) {8815 (@ (px-) — AX_ = -9 (t, =, p)

X-(0,2,0) = 1> p(a))
where
m(t,z,p) = |V [F(@)]| Of () (P)-
Lemma 5.4. We have
Xﬂy, =0 and XQY+ =0 fora.e (t,z,p) € RT x RY x R.

Let us first give the heuristic proof of the lemma.
Heuristic proof. We want to prove that

d

(58) @ Jon, T OXEX dedp < 0.

Indeed, the previous inequality and

X(-)i- (0, x7p)Y— (07 ZL‘,p) = 1{p<go(z)}1{p>go(z)} =0
imply that for ¢t > 0
/ 7 (p)x%x_ dzdp <0.
RN xR
Since g’ > 0, we infer that X&X_ =0ae. in RY x RV x R.

Multiplying equation (5.2) by X_ and equation (5.7) by x4, and integrating by parts with
respect to (m, p), we get respectively

ov T L . B - o
Lo (@)oo rove wx faar=— [ itz

/RN R {E’(p)@ty_xi + Vs VX_} dx dp = / mopx’ dx.
X

RN xR

Summing the two previous inequalities, we obtain
ov ( x
(T () wp) X + 7 (0 } dz dp
/]RN xR { dp € * ) M

= / {—QVXir -VX_ —mO,X_ + mapxi} dx dp
RN xR

- [ Al () ew)] v

(oL () )] 19 TP 5502 o 5 0
<0.

Therefore

/RNX]R {g; (T (%) “71’) XX - +9'(p)3tx_xi} dz dp < 0.
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Integrating the previous inequality with respect to w and passing to the limit as € — 0, using
the fact that X9 does not depend on w, and that by assumption (H3)

v -,
ap( w,p)dp =g (p),

we get
Lo @08+ 700 ) dedp <.
X

which is (5.8).
Proof of Lemma 5.4

Let us prove that XS]FY_ =0a.e. in RT x RY x R. We use the Kruzhkov’s doubling variables
method [14]. Let 0 < ¢ € C°(]0,00) x RY) and let 1,,, 6, be classical smooth, compactly
supported, approximations of identity in RV and R. For (t,z,s,y) € (RT x R™V)2, let us define

O(t,z,5,y) = ¢<t+sx+y>@bm( y>9n<t;8>.

The functions ,, and 6,, satisfy respectively,

AN<W%()dyﬁw>zwm%+m

for a.e. x and for any g € L'(RY),

/Rh(s)en<t; )ds—>h() as n — +00

for a.e. t and for any h € L'(R). Let H,(s) be the approximation of the Heaviside function given
by (4.6). Now take H,(p — f(u(s,y)))®(t,z,s,y) as test function in (5.2), and integrate first in
(t,z,p) € R* x RN x R and then in (s,y) € Rt x RY. Remark that even if H,(p — f(u(s,y)))
does not have compact support, by (5.3) x5 (t,z,p)H,(p— f(u(s,y))) has compact support as a
function of p, for (¢,z) and (s, y) belonging to compact subsets of [0, +00) x RY. For simplicity
of notation, in what follows, we will not write the domains of integration, and we will skip the
dependence on w € ) denoting

v(or)=o(r(C)en). 1 (Cw) =1 (1 () e

Then, a.e. in ), we have

= [ 52 (2p) Xt Hp  Fla(s, )00 dp s dy
ov
P) Lipp@y Ho(p — f(1(s,9)))2(0, 2, 5, y) dp du ds dy
59) 3p< ) {p<p(a)}
/x+<mp> o (p — F(1(s,))) Audp dt du ds dy

—f
/H’ ) a(s,y)) )(v[ (%,ue(t,x))HQCI)dtdxdsdy.

It is easy to check that
Ap® + Ay® + 2divy Vo ® = O,1hn A,
Hence, the first term in the right-hand side of (5.9), becomes

/ X5 (@, p)He(p — f(u(s,y)))Ap® dp dt dz ds dy

— [ dpdtdvds S (t,2,p) / Ho(p — F(a(s,4)))(—2div, Vo® — A, + 0tbn Ad) dy
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and by integrating by parts
/ dpdt de ds (¢, . p) / Ho(p — F(i(s, ) (= 2div, V) dy
—— [ dpdedsds ' (t..) [ 28,0~ Fa(s.9))V, (Fa(s.0) - Vo dy
— [ dtdeds dy29, (F(ats,)) - Vo [ x5 (60 Hy o~ Tl ) dp
— [atasay [ 28, (¢ (%.u(t.0)) - Fals.0)) ¥, (Fuls. ) - Vo da
= [ 2aiv, [, (7 (%0t (t.2) - Flats,)))
(

vy(ﬂa(s,y)))} & dt dz ds dy
= / 2H,, (f (T, ut(t,2)) = F(uls,9) Vo [ £ (5w (t2)) | - 9, (F(u(s.9))@ dt dar ds dy.

We infer that
(5.10)

/ X () Ho (p — F((5,)))Au® dp dt der ds dy
= [, (5 (Lowt.) = Fats, ) Vi [1 (£out.0))] - 9y (Flats, ) dt do ds dy
+/X+(t z,p)Hy(p — f(U(s,9)))(—Ay® + 0,0, A¢) dp dt dz ds dy.

From (5.9) and (5.10) we conclude that
(5.11)

(% P) X5 (t: 2, p) Ho (p — f(T(s,y)))0® dp dt dz ds dy
E )1{P<<,0(z yHo (p — f(u(s,y)))®(0,z,s,y) dpdx ds dy
- /QH‘/’ <f (f (t’x)) — /(@ (Svy))) Va [f (%ue(t,x))] -V, (F(@(s, y)))® dt dz ds dy

-7
Y
h(

(@(s,9))(=Ay® + 0,0, Ap) dp dt dz ds dy

)|

fa(
z)) —p) ®(t,z,5,y), as test function for the equation (5.7) and
in (t,z). We have

[f <? ue(t,x)ﬂ ‘ O dt dx ds dy.

Next, take H, ( (Z,u
integrate first in (s, v, p)

—/g'( IX_(s,y,p)H ( ( u(t, :c)) )8 ® dpds dy dt dx
1) — /g’(p)l{p>¢( ( ( “(t w)) ) (t,x,0,y)dpdy dt dz
:/X (s, v, p)H, ( ( ta)) = p) D@ dpdsdydt dr

= [ H (7 (2o to) - Fats, ) 19, (F (s, o)) ds dy e da.
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Summing (5.11) and (5.12), we get

ov

- [ 5o (Ep) Xt mo) Hop = F(0(5.))) 01 dp it da sy

_ /g/(p)x_(s, vy (f (Tout(t,2)) = p) 0.0 dpdt do ds dy

ov

= | 5y (oo2) Loceton Holp = F(ls,0) 200, ,5,y) dp da ds dy

- /g’(p)l{pw(y)}Ha (f (%,@f(t, x)) —p) ®(t, 2,0, y) dpdt de dy
= / {Y (5,9, p)Ho (f (f,ue(t,x)) —p) - xi(t,x,p)HU(p—?(ﬂ(s,y)))} Ay dp dt du ds dy

- [ (1 (Eete) = Fatsn) { |92 [ (Zacte )] + 9T @)
2V, [f (% uc(t, x)ﬂ -V, (F(a(s, y)))} & dt de ds dy
[ Xt ) Holp — F(u(s,))But6n b dp e di ds dy
< / {Y_(S, y,p)Hs (f (% us(t, 1’)) - p) — X5 (t,2,p)Hy (p — f(u(s, y)))} Ay® dpdtdx ds dy
4 [ Xt ) Ho o = F(@s,))8utin 0 dp it di ds dy.
Then, letting & go to 0, and integrating over 2, we get

ov
ap

- / T D)X (5,9, D)X (¢, 2, p, )0 dp dy ds dar dit dps

ov

T —
< 87]? (T (;) W,p) 1{p<<p(x)}X—($7 yap)q)(oa Z,s, y) dpdxdsdy dp

<T<€>w p> X5tz p,w)X_(s,y,p)0:® dpdt de ds dy dp

(5.13)
+ / T (0) Ly (o) X (1 2, p, ) ®(E, 2,0, y) dp i da: dy dy

+ /xi (t,z,p,w)X_(8,y,p)OnYnAd dpdt du ds dy du

= Lot Bt [ X (620w (5, p)Onn G dpt dads dyd.

Let us estimate the right hand-side of (5.13). Recalling that X_(s,y,p) = L sFa(sy)) and
using (5), we can estimate the first term in the right hand-side of (5.13) as follows

ov T _
I = / % (T (€> w,p) 1ipcp(@)X—(8,9,0)2(0, 2, 5,y) dpdz ds dy dp

_ ov
— [ dpdads dyLipepion ¥ (s 3:0) 200,50 5 (7 (£) wp) do

w(z)
:/da:dsdy@(o,x,s,y)/ 7 (p) dp
F(a(s.y))

— [ @) ~1(5.9))):20,,5.9) d ds dy.
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Thus I; is actually independent of e. Recalling that u(t,z) — g(0) € C(]0, +oc); LY(RY)) and
u(0,z) = g(p(z)), we see that letting n,m — +oo,

(5.14) I; — 0.
Next, by letting first € — 0 and then n,m — +o0o, by Lemma 5.3, we get
(5.15) I — / 1{P>80 1{P<80 }QZ)(O :L‘) dp dt dx = 0.

Then, from (5.13), we have

ov
ap

1 1
(5.16) - / 7 (DIX_ (5.5, D)X (8,2, p, )b (2@9” - 2¢9;> dpdt dz ds dy ds

_ 1 1
(T <6> w p) X5 (8, 2, p, W)X (8, Y, P)m <2¢t9n + 29259;) dpdt dz ds dy dp

<L+IL+ /Xi(t, z,p,w)X_(8,y,p)0ntbnA¢ dp dt dx ds dy dp.

Letting first € — 0 then n,m — oo, by the stochastically two-scale convergence of x¢ to X(}r,
using that X& is independent of w and recalling that

ov
d —/
. op (w,p) dp =7 (p),

we obtain

- / TN (2, )X (¢, 2, p)Brd(t, @) dpdida < C / |A(t, x)|dt de.

Finally, taking ¢(t, z) = ¢1(t)p2(x) with ¢} < 01in [0, ], ¢2 with compact support and converging
to 1 in C2(RY), we get that a.e.,

0< 7' (PX5 (t, 2, p)X_(t,2,p) 0.
The previous inequalities and g’ > 0 imply that X(_)FY, =0 a.e.
Similarly, we can prove that 2 + a.e., and this concludes the proof of the lemma. O
Corollary 5.5. We have
X‘i =X, and X° =x_ forae (t,z,p) e RT xRN xR.
Proof. We know that a.e.
0<xbx? <1, X+t =1,
and, by definition of ¥, and X _
Xi=X4 X=Xo X4 tX-=1
Using Lemma 5.4 and the previous properties, we get
(G =X =00+ () —28% = 687+ 72 - 28 (1 -x0) <X — x4
On the other hand
O =X =0 + (7 )2 = (1 =x2)2x; < =y — x5

Therefore we get (x5 — X4 )? =0, i.e., X! = X,. In the same way we can prove that x X_-

D

We are now ready to conclude the proof of Theorem 2.2.
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Take ¢ = ¢(t,x) € CX(RT x RY) and fix pg > 0. Corollary 5.5 and the uniqueness of
the kinetic solution of the limit problem (2.8) proven in [10], imply that the whole sequence
x5 (t,z,p,w) two-scale converges to xJ = LTt} Therefore,

ov T
14 ‘ N (1 () w BN
/IR+xRNxRxQ {f(u(t7$))<p<po}x+(t,ac,p, )8p ( (e) ,p) o(t, x)dtdzdpdp — 0

as € — 0. The left-hand side above can be rewritten as follows:

ov x
1, ° (t — (T (= t,z)dtdz dpd
/uwmmmn (Flatte)) <p<po X3 ,w,p,w)ap ( (6) w,p) ¢(t, x)dt dz dp dp

min[f(T(E)wu)po] gy o
= dtdxd t,x/ — (T (= )w,p)d
/R+xRNxQ uolh ) F(@) 8p( (e) p) b

_ /wmm [min [u(t2w),v (T (2) wipo) | o (7 (% )w. Flat,a)) | ot 2)dtdzdp.

Now, from (5.3) we infer that min [u®(t, z,w),v (T (£) w,po)] = u(t,z,w), provide py > |¢|oo.
We deduce that, up to subsequence

/R“'XRNXQ [ue(t,x,aJ) - (T (§>w, f(ﬂ(t,ac)))Lr o(t, x)dtdrdu — 0

€

as € — 0.
Similarly, using the two-scale convergence of x¢ (¢, x,p,w) to x* =1 (p>TF (@)} WE can prove
that the previous limit with the positive part replaced by the negative one holds true. Hence,

we get
/R+ xRN xQ

as € — 0 and this proves (2.9).
Now, let us show the weak star convergence of fQ ucdp to w. For any ¢ € C.(RT x RY), we
have

u(t, x,w) — v (T (%)w,?(ﬂ(t, x)))‘ o(t, z)dtdzdy — 0

lim/K/Que(t,x,w)w(t, x)dud:cdtzli_r:%A/Kv <T (%)w,ﬂﬂ(t,m))) Y(t, x)dtdzdp

e—0

(5.17) - /K dtda(t,z) /Q o(w, F(a(t, ))dp
:/ u(t, z)p(t, x)dtdzx.
K

This concludes the proof of Theorem 2.2.
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